
WAVE EQUATION

Mtt C Ux O N 2 4 0 to CSO

note that this egn in not canonical for

an 1 912 0 an c at an an c 30 hyperbolic eqn

transform it to canonical form

125 iÉ Ic dx cat
ate

3 x ct 2 Ct

use 3 2 and find Mx My Mxx Ugy

Mx MySx M22x Cuz Cally

Mt Mz3t Malt My My

Mxx chuzz 2c uzy chuzz

Mtt then we get Mzy 0

20 Mart Pers

we got Uzy 0 We can solve it

us 0 us Ple m

1 1
612

so gun son F 3 G 2

hence Mtt Cux 0 has gu soln M F x Ct G x ct

Cauchy Problem D'elambart

Mtt Chuxx D N CXC D to

u x e fix 0 to

Melho glx a x
initial cond t o

let us solve this problem



we know that u F x Ct G x ct now find F G

M x 0 fix F x GLX FL

Mt yo gu cF'lxtct C Gla ct g x

so we have

F x G x f x

F'W G'a 1go
E GLN f x

FW GW fg e de A

FA fix g e de A 2

G 174 g z de A 2

now UH t F x Ct G x Ct

d'Alambert Formula ulx.tl
7

27 gicz dz g 2 dz

ex solve the problem

Mtt 4Mxx D NLXLN to 2 4 co

M XO Sinx NL LN

My xol X NLXLN

use dAlembert formula with f x sinx g x

uh sincxtzthtsinlx.it de

sin a sin x 2t
1222

sin Lt sin x 2t 2t 2ᵗt sinx cosat txt
2 8



ex find general son of

Mtt 3Mxt 2Mxx D DL LN to

type an 1 an 312 an 2 at an an 2 so hyperbolic type

of 2 ñ I
3 12 1

3 1 2

t a

2t C2 2

Mx Mz3x Melx Mz M2

My Ugly Ugly 43 242

Uxx Us 2m323 2 Mph Ue3xx Mylxx

Mgt 2m32 422

Mxy Me 3m32 2m22

Met My 4May 4May now subst into the eqn

us unfitunn 3 us 3 it up 2 uzz zu tun 0

now we have Mzz 0 weknow M F 3 G 2 on x t var

if I had Uzz 0 M F t 6 x 2t
does it change the son

Application of dAlembert formula ex find all selns of

Mttx Mxxx O N LACD SO

Nina
1 X O ex

v ux then for v Yt
Vt yo ex

use dalambert

v e dz 7 0 g ex v
ext ext

2
but we said V Mx



µ exttze
t in

u extt
2
ex t ax when to use indef integral

µ
e e Alt

Solving the prev ex again

find all selns of
Mttx Mxxx O N LACD SO

ix a
uptime e large order by 1 derivative
u then for V Vtt V

use dalambert

a c

for the ID wave eqn with wave speed c 1 dAlembert son

unit u x t o vex t o t 3,0 d

because u x01 0 firsttermvanishes

Hence Umt feede

t ext e eᵗzét e'sinht

So we have U x t Mx x t e'sinnt

now integrate w wrt to recover M

le x t feet dx fetsinht dx e sinht A t where Alt is arbitrary fr of t

the given data M 0 0 already satisfied for every Alt because A is

independent

The PDE itself requires Mtt Mxx A t 0 Alt attb a beR

if we impose a 4,0 0 then b 0 if no further cond given set 9 0

M x t e'sinht



Thm Cauchy Problem for Wave Egn

if f e c R and geC R then the Cauchy Problem

My cMx D Naxato O

ulx o fix no excise

Melyo gex C is wellposed in St 1 1 OLxLtO OctLT

1
Existence

follows from dAlembert formula

uh fate fact Ég e de

2 Uniqueness Note that Flact and G x Ct from the guard soln are uniquely

determined by FW and gex

3 Stability in supremum norm consider two sons M Mr St

Me x 0 fi x N2 x 0 2 x

M no g x 14,0 92 x

assume 17,4 facx 8 and Ig w guilt 8 Dexco

now estimate M x t Mz xt

In u filact f k ct
glade

721 4 f2 Ct fg e de2 2

1m u
filact 2k ct telnet

2
fax ct

glade É2e dz2

lural 8 1 state ex e stst Egg
dz

since O t T 1M Me 8 1 T Given
any ESO take f Et then

fi falls and g gets8 will imply 1M Me 2 E We have cont dependence of seen
on the initial cond in IT



Remark in 1 x t 02 20 0 20

the son does NOT continuously depend on the initial conditions

interpretation of soln for simplicity we take
a

t 0

Mtt C Mxx 0
aunt

fact 2ᵗ f
x ct

M x o ft n n
t t

Mt 40 0

t tz

in general unit
t f fg a de n n
2

2171 4 g z dz fix ct gez de

we see that U is the sum of two waves

F Ct fact g z de moving left with velocity C

G x ct fix ct g 2 dz moving right with velocity c

8Nisan Sale

Recall we consider the wave egn My C'my to 02 28

general soln ME Fix ct G Ct

we can solve the Cauchy problem

Mtt xx 0 to

fuat
fact f 1 fgcade

at
can

we call the lines ct a X ct b the characteristics

Domain of dependence and Domain of influence

Domain of dependence What should we knew about the initial data to find MLXo.to

µ go.to
Fao cto flatto e dz So we need f and g or

2
xo Cto cto



We call the interval Cto to Cto the domain of dependence for Xo to

the triangle with vertices to to XoCto 0 Xotcto 0

ft Eton
is caved the characteristic triangle

o cto Xo to

ex for the Cauchy problem µ yes
its town that fig are
zero on 2,6

ephe glx find all pts x t st we

can guarantee M x t 0

we need all x t with domain of dependence inside 2,6

x 2t 2T C 2,6 2 3,2 2 G

ukit o if x t Mt x 2 7,2 and 2 16

Domain of influence if we change the initial data in small n hood

of a o at what pts x t the value of M x t changes

from defn of domain of dependence we knew value of M x t will change

if a belongs to domain of dependence for pt x t

so at x Ct Ct or X Ct a AND Ct a

the set x t x ct a and cts a is called domain of influence for pt a

th
ex suppose a wave is described by
Mtt 9Mxx 0 tSO OLXCD

a
M XO f x

q x 0 g x

where f g are zero outside 1,2 At what time
bedison the wave will reach Pt 0 4

t
xt3t

yp
son at t e wave islocated

on 1,2 we need 4 34 1 alwaystrue 30

to for which 4 to 4 3 22
belongs to domain of 3 032 to3213

1 2 influence for 1,23
after213unitsoftime wave comes to 8 4



Remark domain of influence of 1,2 is mion of dom of inf for x 0 and 2,0

we need to sit

EE 1e and c 3

Seni infinite String

consider the following initial boundary value problem

Mtt Mx 0 too so

fixed Mexo fix

end quo get
initial cond

MCoit 0 MIO E 0 to boundary cord

soln dAlembert formula

unit 74 e fate fgcadz BUT there is a problem

f and g defined for positive values of argument

if x Ctco then fix ct and g x ct are not defined

1 MGH F X Ct Glace

G Act 7 4
g z dz

Fix ct 71
2 guide

Flx Ct is Not defined for X Ct 20 let us use boundary cond M O t 0

MIO t 0 FL Ct 6 Ct 0

FC ct G ct set Z ct well defined 20

F 2 61

so if x Ctco F x Ct G x ct G Ct x

7kt grade



the son for semi infinite string but fixedend

Fex c 61 4
7 7 fade X Ct 0

2

Mkt

buwdoson.EE
oatct 74tett fcct code X Ct 20

ex solve the problem and evaluate u at 1,2 and 2,1

Mtt Mxx 0 tso so

M x o x2
Mtl o 6

initial cond

uloit 0 to boundarycond

soln C 1

um I toads x t

It 421 5 12 162dz at

next E 6 t It 1412 8.1.2 16

8xt Lt u 2,1 2212 6.21 17
231

Remark one can show if f and g are odd frs in general Cauchy problem

then M x t is also odd for wrt M x to M x to to

so ulo to 0 to Here we can solve the initial boundary problem

Mtt cMx D too so

M 10 fix so as follows f and g are odd frs to 00,00
Melxio 94 0 let f and f be the extended then Solve
M Ont 0

Mtt CMxx 0
The solution will solve the

III above problem

what is I 5



Domain of dependence for
Mtt chuxx D 70 to to find M xo to we need f g
M o f x 0

if Xo Cto 0 on Xo Cto Xo to
My x g x 70

M Oct 0 if Xo Cto 20 on Cto Xo Xo Cto

consider Xo to St Xo Ct 20

gto
bunudison yet ct

xotctoEE.EE
4 x État

ex Mft Cmx 0 to so

Mxont 0
similarly to pree problem

M F x ct 6 Ct

G Ct 71 t
g z dz is well defined

Flx Ct g e de is NOT well defined if x Ct 20

we need F for negative argument Let us use boundary cord

Mylo t 0 F x t G act 0

F L ct G ct say ct Z

7 G Z Asd
Z G Z A 2 0

my
71 4274 e fiflade x ct so

now we can write M
fact f Ct a de fade A

since Mexit is cont
x Ct COM it

at at MGH A O
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Recall we consider initial boundary value problems We considered the problem for

a string with fixed end

I Met chuxx 0 too so

ULxo f x SO

Melno g x 70

M o t 0 the left end of the string is fixed

Yt is displacement of pt at time utu
Ñ É

u o t 0 t the pt of the string with coordinate equal to Zero

has no displacement is fixed Asktypes
we considered the problem for a string with freeend

I ft chux
0 too so

MxOct 0 free end

if Mx Xo t 0 then string pulled along x axis a tension

if Mx xo t 0 then string has no tension at a pt with x coord Zero free

we derived soln in particular for 2ndFblen

f x ct fl ct if e de x cts 0

free Mex t

end flat fl ct g z dz fade x Cto

Mx Ot 0

Remark it to and gas are even then son of
gE

t

would also be even wit x to Mexto uGx to

here Mx o t 0 Mx it odd wrt x ASD



so we can solve the problem II by extending fix and glx on o o as enfns

then solve the resulting Cauchy problem on 0 00

The son will satisfy all cond of the problem II

3 types
ex solve the problem 1 no boundary inf string D'AM

Mtt 9Mxx 0 to
yesburysemi fixed Mlot

M x o sinx so free My Dit to

Melno cossx 0

Mx oct 0 70 by using above formula

sin x 31 sin Xist
1 cos 52 de 3 70

next

sinist x sin Ast
1 costse dz I costsa de 3 20

Non Homogenous Wave Egn

Met c Mx F X t ESO OLXLD

M x o fix N CXC D

Mz40 gw N exco

we will consider two problems

non homogenous wave egn with homogenous boundary cond

Vet Cvxx FLY t to XER

no 0 XE IR

Vt 101 0 XER

Homogenous wave eqn with non homogenous boundary cond

Wet cWxx 0 to EIR

W x o fix
Wt 40 gex

it's easy to see µ w solves original problem



Recall Green's Thm

let h be a domain in R and P Q C r then

Px Dy didy Spdy Qdx 22 oriented properly

22

The the soln of the problem

My Cux F X t SO DLXLD

M x01 0 NLXLO

My401 0 02 20

is given by M x t f Flaib dadb where D is characteristic triangle

xT
fixed

I
Pf take 2D oriented counter clock wise 2D Lo U Le U La

Lo aib 6 0 x Ct a ct

L aib atcb ct o b t

22 aib a cb x ct 0 b t

now we integrate Mtt Cux F x t over D

Mbbaib c Maa aib dadb Flaib dadb

By Green's Thm

5 Maa cussdads Mbda cMadb
D

usda Cuadb Mbda c'madb Mbda chadb



consider each integral

1 Mbda chuadb

on to 6 0 db 0 and My 0

Mbda cleadb 0

2 Mbda chadb Culxit

on Li atcb act da edb 0 da edb
db da

cubdb CMada f d Cust Ma

cfdo c.nl fculxt c

fo culx t

3 1 Mbda chadb
on 2 a cb x ct da ads

da Cdb

db da

Mbda Cuadb cusdb Cuada

A x ct o

CfMbdb Mada c du cult
c cette next culxit

combine all integrals we get

culxit cu it F a b dadb M F a b dadb



ab fit
ex Solve the problem

Mtt 4Mxx Xt c 2 am

atb act

if D O b t
a

x 24 2b a X 2t 2b

it follows u x t de f
abdadbua.ttii ida as

k at 424 Is db

x 4xt 4ᵗʰ x uxt 4ᵗʰ
1 b x 2t 2b x 2 2b db

8

b 8xt 8 5 db

Xt xt F Xt 1 xt 3

Energy Integral

Consider

Mtt c Mx D to DCXLD

M x ol f x DCXLD

My 10 g x NCXLD

Define ELH ME Cu dx



Lemma let f g c IR suppose

f g are zero outside N N
ASKO

f x 0 gex 0 if HISN

Then E t is constant

ELH 2MtMtt c 2mxuxt dx

C MtMxx MxMx dx

c ut ex dx

CME.MX I
Note since f g are zero outside N N for any tso fixed

if 1 1 is large enough

the domain of dependence for x t

x ct Ct n N N

So M it 0 My x t 0

Here Elt 0
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Recall we consider

Met cMx D 02 20 to

M XO fix NL LD

Melno g x NL XLD

we define Energy Integral

Elt ME c u dx

we proved when f x go are zero

outside N N suppf suppg N N then Elt is constant

we need a lemma from Calculus

lemma let hw be cont non negative fn on R if

nextdx then h x 0 xt a b

Thm the Cauchy Problem MC 1 time 0
Mtt c Uxx Fat 02 20 to

M yo f x NL LD

Melno gex NL LD

has at MOST 1 SOLUTION

pf assume that Me Nz are two sons Then M My is a son too and satisfy

Vtt chyx 0 so EH vÉ c'y dx is constant

1
Elon vigatirigon ax o

we have EI.fi ifax o.Bypreelenna
so t vitch 0 on o o

note x 0 0 rad 0

it follows Vt 0 4 0 V4 t C since 4,01 0 Vat 0 t O Nexen

v 0 M uz 0 M nz here the son is unique



ex show that the initial boundary problem has at most 1 son

Mett k M Chux too o x l
C KER

M x 0 f x

Mgx o g x

uloit O M lit 0

we consider Energy integral

Elt ME Cut dx

EA
IE uxuxtlax

fk2uI duxx chuxuxt dx k MEax c utux dx

k midx c u tux I k u dx

M 0,4 0 u l t 0 Mylo t 0 Me lit 0

we have ECM K MEdx 0

so Elt non increasing ELH ECO E O

assume M Me are two son V M uz we have

Vett k vt c vxx D

x 0 0
x 0 0

at 0 V lit 0

hence Elt v Cv dx then Elt ECO tSO

Elo Ifa c Igo 0

40 0 V e 0 t OLEG ECO Elt 0

in the same way as did for wave egn

we have v 0 M Mz the son is unique



HEAT EQUATION parabolic ean

MI kMx Flat 02 21 to KER

M Xo fix
M at t M lit BG

the uniqueness of soln

energy integral define Elt Max

we assume M satisfies

My kMxx 0

u x o fix
u 0,4 0 M lit 0

Elt 2m nux ax k Éx k fluidx k fux ̅ ax 20
Elt not increasingIBP L
Elt ECO

let U M2 be two sons u Mz satisfies

Vt k vxx 0

I vit.no

for Elt v dx we have Elo dx 0 so OSEN ECO 0

Elt 0

Elt fv dx v20 v 0 so u uz we have unique son

Similarly the original problem has unique seln

Maximum Principle

Define r at 02 21 O T open domain in R For r we define

parabolic boundary B x t t 0 O L or x O O t T

To or L O t T
note Bt 21T

AT
l



Thu Weak Maximum Principle

let a fn next me C et satisfies

My k ux 0 in Rt Then

1
maxu

Bt

Pf first we suppose my k uxx 40 in rt

we want to show that
11,1 mg

assume NOT true Maxu Max µ
It Bt

It closed bdd set and M x t is cont

he has Max value at Xo to Also xo.to Bt

we can have Xo to Rt interior pt then Myxo.to 0 and My to 20

here M Xo to xx Xo to 7,0 contradiction not possible

we have My_tux 20 in RT

we can have xo.to x t t T OLxcl

then Mt x to 20 same for Myx Xo to 0 My to Eux xo.to 0

not possible

fix on a b

f has Max value at x a b

n
f is concave up about Xo f 1 01 40 a b

our assumption that
17m yay

u leads to contradiction so its wrong

Here M
MY



now consider general case Me k Mxx 0 in ht

consider Xt Mex Et ESO

Vt k vy My E k Mxx My k uxx E 20

have v mg

note user in rt may meev ME n Et x t E Rt

1 M M Et x t Ert true ESO

take of we get y
x u su at It

497 1M and Bt It

1m so u

17 Nisan Pers
it

Recall we introduced R x t Ocxel Oct T

x
eBT 2Mt

and B at t o o x t or x o O t T or L O t T

we proved

Thm weak mox principle for heat egn

suppose that a fr u x t satisfies inequality

Me key 0 in Rt nectar Then 11M Itu



Remark the maximum principle can formulated as follow Suppose ME C It

satisfies Me IM O K 0 if MCA at Bt then MCA

it IT

ex let U be smooth for satisfying

Me Mxx D OLXLT OLECT TO

u x 0 sin

M ont 0 M T t 0

Showthat use't sinx for OEXET O T

consider m e sinx

Ve vxx Met étsinx Mxx étsinx 0 0 in rt

Note R kit OCXCT OCTET

we check on Bt

P Oct T V10 t M Ot ét sino 0

Yeatalities
O t T Tt MCT t et sint 0

O X T t 0 v x o ulno sinx sink sinx so on 0,1T

here V O in Bt by the Maximum principle V O in It

so use't sinx

Corollary Mt ñxx o me f uxx o

let me C It satisfies

My k uxx D in RT then

1 1 u 1ft migy 2 maxial maxial
It BT



My k uxx D in RT
1 1 u 1ft my 2 maxial maxial

It BT

f 1 recall if he has max and min values on a set A then

Minu Mq
u

here mine may
1 M m

quip
u by Maximum principle

Bt
Mt fuxx o

so mi

Pf2 directly follows from 1

Mqx lul Max 1may ul Inizul

Then the initial boundary value problem
niqueress

My k Mx F it Ocxel to

ulna fix O L

uco t t M lit pct 3,0

where F F α β are smooth has at most one soln

Pf let M Me be two sons then V M Mz satisfies

Vt k vxx 0 in Rt

YO O O l

v10 t 0 lit 0 O t T forany TSO by the Maximum principle

May
14 may11

and v1.3 0
may11 0

so T 0 v 0 in It Hence V 0 O x l too so M 4 0

O X l to The son is unique if exists



Iffy let ukit be a son of the problem

Mt kMx F x t Ocxel to

M XO fix O X l F f x β smooth in their domain
ulo t t M lit β t to

then forany TSO if I m M and IF Xt CN in It then

let Mt NT in It

Pf consider M M Nt

Ve k rxx ut k uxx NEO in Rt IF N in Rt

u_ M At M MAT 20 McMt At on Bt t

By maximum principle on Bt
o e

u Mt Nt 0 O t T then by Max principle on IT

u M Nt O since oc M Nt M NT in It a M NT O

in the same way applying the Maximum principle to u Mt Nt we get

u M NT in It

here 1h1 M NT
MT 2

corollary stability of son for heat eqn PDE wave Egn
Max principlelet U be snooth for that satisfies
idea on Separation of Var

ut k ux Flat oxel to No Sep of Var Heat Egn
u XO f t O l

m at t Ullit p t 30

if Ifw E O x l 1 1 7 E IPW CE t 0 and F x t Σ

then TO IMI E ITT OEXEL O t T



SEPARATION OF VARIABLES

consider My kMxx 0 Octal too

M XO fix
MCO t 0 u lit 0 t 0

we assume M x T t then subst re into the eqn

Mt X T k x T 0

A right part fnof t only
left part fr of only

so both sides are constant We have two ears

1 Rx 0

2 T k RT 0

if X and T satisfy the above ODE then M x Ttt satisfies

the original PDE

we look for son satisfying M O t 0 Mle t D to

M o t 10 It 0 10 0

Mleit Xl TL
0 e 0

hence for X we have boundary value problem

RX 0 o 0 e 0

remark the above boundary value ODE can be considered as eigenvalueproblem

or A on space E g gec 0,1 go gle o

we need all 12 St g 0 satisfying the cond

Ag Rg



lets solve RX 0 10 0 l 0

1 2 0 0 x cixtc2 x 0 only trivial son

2 2 0 R m

u x

r m 0 r Iui
C cosmx casinux 101 0 1 0

11 0 Cz sinue D

we need C2 0 for X 0

Sinul 0 Me Tk k 112,3

we have eigenvalues R 4 1,2 3 with correspond

eigenfunction X sin x

the eigenfunction is determined up to a constant

2 0 A m us

x u X 0

r a 0 r In cent agent

101 0 Citcz

xcelo ceneta.ee o ie've E

detffe ele 0 E 0 ci ce 0 only trivial seln

we found that Xx 0 101 0 l 0 has eigenvalues

2kwith eigenfunctions X sin 4 1,2
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Recall Separation of Variables

ex replace given PDE by ODE if possible

a Uxx Met XM 0

b Uxx xty ayy 0

c a Mxx Mgy Mt

soln a UH t x T t

then X T T X X X T 0

we dont want and T to be in same T XT NOT GOOD

X X XT

CHS onlyx X
I th RHS y only

EIR

RX
Two ODE

T RT

if X and T satisfy
R X 0

and
XT 0

then M XT satisfies Mxx Me M 0



ex replace given PDE by ODE if possible

b Uxx xty ayy 0

say u x 4 y

Y g 4 0

we can have

g
variables are Not separated

or ay variables are NOT separated

Sept of Var not usable

ex replace given PDE by ODE if possible

c a Mxx Mgy Mt

say u x Yly t

a YT Y T YT

a 4 XY T XY T

Y 7
If R

Hs for ef x y only

7 RHS for of t only

Hence constant
we have

L
Y 4

E x
x

n x n

if X 4 T satisfy
M

y t rat

Ye u r 2 ux 0 then u XYT satisfy a uxxtugy a

3 4 R M 4 0


