



































































































































Math 358 PDE for 1st order questions we'll use Sneddon's Elements of PDE

Lecture 1 18 Subat almost every 2 weeks open book quiz

PDE an unknown for that contains partial derivatives of an unknown fr is called PDE

the unknown for is a fn of several variables

Defn the order of PDE is the order of highest derivative involved

ex ex way 0 1st order

Met Mxx 0 2nd order

Linear PDE's

consider general n th order PDE

F x y ux my __ 0 to see linearity define an operator

u F x y ux

ex ex any 0 the u Mx uny

Me Mxxx MM My_Mxxx Max 0 Lu Me Mxxx Max

if the operator C is linear that is Mtu m a and cm C u CER
then PDE is linear

ex check if linear

a Met Mxx 0 linear b Mt Mxxx Max 0 nonlinear

son a 21M Mtt Nxx

Mtv Mtu Mtu xx Meet Uft Mxx Uxx u 2 u

ca cm cm xx cute Mxx C L u

soln b L M Mt Mxxx Max

flute uta Mtu utr Mtu

My Ut Mxxx Uxxx Max aux Max we Cu v aux Max






































































































































remark let Llu be linear operator then

Llu o homogenous linear egn

u f x y non homogenous linear egn

Superposition Principle

let Lu 0 be a linear egn then for any u u sons 21m 0 Llu 0

we have that cell 26 c C2 E R is also a son

let u f be non hugns eqn and will be two sons then m e is a son

if the associated linear ean Llul 0

Sons of PDE

consider n th order ean F x M Mx 0

Mex x Xn in the domain R C R we say it solves the egn classical son

if ME C R u has continuous partial derivative up to order n and the eqn

F x u Xu Mx is satisfied identically in R

ex My Ux tso EIR forward heategn

r x t te 0,0 XE d d Well posed problem

Mt Mxx the XER backward heategn

r x t te 0,0 xe 00,0 ill posed problem

sit
nosil goyilocosin anland Kolay well posed

goyeldektonsonna basta nereyi isittigin animal ask for ill posed






































































































































ex for egn My 4Mxx too EIR find a seln of the form M e mt sin nx

note M eat sinen E Ccr where r exit too ER

subset u into the eqn

4 effinant
m an

forany u e sincial solves the eyn

what we can say about guard soln of PDE

ex 2 y x x y e1R integrate wrt

2 yx y z contains arbitrary fr of
or fly

ex let fec be an arbitrary fn find a PDE of smallest possible order that has a son

u e f x 2g 1

1 arbitrary for 1st order

u e f x2g e'f x 2y note x ry 1 2

my e f x zy c2 3

now we can express f and f in terms of M Mx My and subst into 3rd eqn

f x 2y me

f me f x 2g axe me

My e Luxe me 2

My 2Mx 2M

My 2Mx 2M first ordereqn






































































































































ex Mxy 0 x y R

My f y

u fly dy gex

µ hly g x when h g E IR arbitrary

remark we can expect a general son of nth order eqn to contain n many

arbitrary frs

what about unique son to have unique son we need additional conditions

so called boundary orand IVP

ex Mft Mxx wave eqn so EIR

14 NP and conditions

usually we want well posed problems and

1 existence

2 uniqueness

3 stability small changes in initial boundary cond create small changes in the son

ex non existence

M E C IR Mx Y
My y

has no son

recall if ME IR then Mxy Myx but

Mxy Mx y
1

Myx my 0
140 Mxy my






































































































































Lecture 2 20 Subat

first order diff ears linear quasilinear in 2 x y x y r 1R

linear A x y 2x B x y Zy x y Z

quasilinear A x y z Z B x y z Zy x g t linear in Zx Zy
we solve both in same way
M xg t C

2
z Zy u Ux uz zx 0

method of characteristics

consider a surface Z Z x y x g Er in 1R at a pt P on the surface

We have a normal vector Ñ Zx Zy 1

y
if we define a vector field
F Ait BJ CI

the ear Azx Bzy C OR Atx Bty C 0 is exactly F Ñ 0

it means that the surface 2 Z x y is tangent to F F

to solve the egn we need to construct surfaces target to F zcx

we can construct integral curves for F curves tangent to F and then we

construct integral surface from these curves

take a curve r t XH yet alt 1H it yet 2 t E

ret is tangent to curve F if off 11 I If t I at allpts of

so

if α or reparametrize and get system of
ODE






































































































































it is convenient to write the system as follows A B C are frs

1 A at then at

one can get etc

recall that a fn 4 x y z called first integral of a system if 4 is constant

on all solutions Y XY Z K KEIR

if we can find two functionally independent first integrals

Ya xg t k

4 x y z k
then we have this integral curve as intersection of these surfaces

Ye x fit K and 42 x.gr K2

if we take smooth fn G K k2 then we get integral surface

G Ya x yiz Ya xy.z 0

we have the soln of this eqn A2x BZy C

ex Solve yZx Zy 0

A y B C O It note means z c is the first
integral constant

Ye 2 C

42 1 xox ydy separable

12 C2

so 42 x y is 2nd first integral

general seen G x y Z 0 we can solve for Z by implicit for the

2 g x y where g is arbitrary smooth fn






































































































































ex solve x p y q exty z 0 Remark Zx P Zy 9 is notation

1 2

11 5 5ft ftc 41 f c first integral

11 1,7 Recall I then 9

dx dy.dz
many age 1

Jd separable ear

Mix yl M 71 C2

x y 2C2 we have new 2

I C2

so general soln 6 Ci Ca 0 that is

G
1 0 we can some for 2nd

g f or 2 x g j

ex Solve Z 2x y z y Z y

29182

41
y of fz g linear ODE for 2 y

2 ft y integrating factor µ I dy 0

122 fit 1 html lily l so M I
f 2 1 f z ytc2 41 f z f C2






































































































































42 2
and use 41 ft f c z y't any

a tgz f
y any If I y c

x FX ft c we knew µ I

flfx ft attte
get f x y tailryter

42 8 y ft g My C2

so general son is 6 circa 0 or G ft y f g f g My 0

application ex

given a family of surfaces t r.xy find all surfaces that are orthogonal to

the given family
recall two surfaces are orthogonal at an intersection pt if
their normals are orthogonal

22 Xy Fly c recall Feng t C N Fx Fy Fz

Ñ Ey f
E

take 2 Z x g it has normal 2x Zy 1

2 x y Z 0 we need N Nz Ñ NZ 0

yZx if Zy Eg 0 now solve the egn

dz Now 4 27 xydy

fxdx fydy 1 c

9 xy y 292 4 x2 y c






































































































































42 tax xydz
27

f xdx Edt 21 2 z C2

42 22 2 2 Cyrene so the general son is

6 4 42 0

G x y 2 2 2 0 solve wrt second one

2 2x g x2 f OR 22 2 2 g x2 y

letus justify our method of soln

Then consider a quasilinear diff egn

A x y z 2x B x y z Zy x fit where x y z ER

we assume A B C E C R and A B 0 in 1

if 4 x y z C and 42 x y z C2 are functionally independent

first integrals of the system
ᵈ edt then for any continuously differentiable for G the equalit

G circa 0 that is G 4 nyit 72 x.gr 0 defines a seln of the

given eqn We assume that G c 2 0 has solutions

in MT we may be asked to formulate a Thm

functionally dependent elf fr Recall T.fr for independent if 41 f 42

1 x y z 12 x y z are functionally indep if TY and V42 are linearly indep






































































































































25 Subat Sale

Recall we are solving quasilinear PDE

ex Solve xZZx ytty et

consider the following system

11 9

1 5 of
Inx try c

inxy c 4 xy e c

now ᵈ or 17 17

f fee taz of test my ze t e t c

42 try zét et cc
hx zét et c

12 hx zét et C2

41,42 42 are functionally related

using 4,12 we get 12

Me text by

hx lit My 72 42 1141
42 hxtzét et

returning to the question 4,72 are enough
42 ut my zette't

general soln F Y 72 0 OR

Flxy uxtze.tt e
t 0

where F any smooth fr






































































































































ex find an first order PDE satisfied by conical surfaces with vertex at a b c

11 let Z Z x y be such son

take a pt x y z then the normal at x y z is 2xZy 1

the Normal Ñ is orthogonal to line through a b c and x y 7 theftp.kesen

so the vectors 2xZy 1 and a x b y c z are orthogonal their innerproduct 0

tx Zy1 a x b y c z 0

a x z b g Zy c z 0 let's solve it

off Mla x1 Mlb yl c 4 c first integral

1 a la x1 Mlc 71 or 42 or

the son F 0 for any smooth function F

Thm consider a quasi linear PDE

A x y z Zx B xg 7 zy x y z in r

we assume A B C are smooth in 1 and A B 0 in 1

if 4 4 are first integrals of It
then for any smooth F the equality F 4 Y 0 defines a seln

we assume F X Y 0 can be solved in 1






































































































































Pf we have z x y is implicitly defined by
F 4 x y z 4 x g t 0 we diff wrt x and y

remark for Flti t2 we set Fe F F 22F

F Ux Yz Zx Fz Yx Y z Zx 0

F Yy Yz zy Fz Yy YzZy 0

items E II
YyYz YzYy Zx 424 4 4 z zy TxYy YyTx A

satisfied by Z Z x y

we know on son of the system

4 x y z C and Y x y 7 Cr we diff the above equalities wrt t

t ly y Yz Z 0
use A 1 B of c

Yxx Yyy Yz Z 0

A Yy B Yz C 0
Lexa

y B Yz C O

C O Yx 4g 42

I ly vz

I 2Yy YzYyE fjtee.tt ex exes
MTQ

compare with A we get statement of Thm
which proves F is soln

Zx I Zy 1 here Azx Bty C






































































































































we consider the case of 2 indep variables it can be generalized to n indep

variables

Then consider the following egn

P Xi Xn Z Z P2 x Xn t 2 24 Pn x it tx Q x Xn z

in ICR Assume P Pn I are smooth in R and Pit Pn tQ 0

if Yes In are functionally indep first integrals are

1 1 den de
P p Q

then for any smooth I the equality F 41 42 Yn D defines a son forP

ex solve My 2yMy 37M 4M

If 9 9,1 at

1g MM Utyl c c 4 first integral

dyÉ 1h11 Jun1 C 12 cc 12 first integral

9 DONT TAKE its not fn indep

11 MW Intel cg 43 first integrals

for any smooth F 1 0 is a son

we can solve wit u

f u x f f






































































































































ex solve y 7 Ux z x my x y Mz 0

17 11 Ey de

1 0 u c first integral

1172 tt g dxtdy dt at dextytz c

ytz C2 first integral

xdxtydyttdt.de fxdx yay
Zdt fat d at

y 7 y t 1 Z x y 0

y t c

F xty z y z u 0
or y zʰ Cy firstintegr

u f xty z y z forany f smooth

Cauchy Problem for 1st order quasilinear PDE

first we consider the case of two indep variables 2 Z x y

find a son of Alx g z Zx B x g 7 Zy fit passing through a given curve

s y β s Z s St a b

idea we construct solution surfaces using characteristic curves Take and through each

pt of we pass a characteristic That is we solve

g
A e s In general we get a son

14 B yo PCS

I meet eantytowitezis.fr2 o s

We solve is in terms of xand y from tis and y y tis and substitue in

2 2 tis Z thy sexy in some neighborhood of






































































































































27 Subat Pers

nete we can solve t s from

GS

g gas
it 1 0 on r

ex some Cauchy MM My 1 M x x 0

M x x 0 x S y S M 0

the system for char
14 1 fdy at y C yo s c s

M 101 s y s

471,1 1,1 p
to 1 for got Itc

ma o co

F t fax tdt c to s c s

M MLxy
s

x ᵗts
x y 12ᵗʰ t

1
s

t 2 2 y x 0

27 IFFY

so u Fx ̅ Mlr 0 x y

Recall for A2x Bzy C we found general son by using first integral
Suppose 4 4 4 22 are the first integral and general son

F 4 4 0 F any smooth fn Can we use F T 4 0

we need to find F st points of M satisfy F Y 4 0

we need to find a relation between 4 C and 4 Ce satisfied on M






































































































































ex for the ear XZ Z ft z y xy

a find the general son
b find son passing through the curve y x x x S y s 7 5

a 112 2 11 f It like lilyl c

m 81 C

C firstintegral1 Ey ydx tdt
e If c

from 4 E C f

SEdx f zaz c c f z c

ger son F f xy z 0

b r y x Z x

If Ci Xy Z C2

if C 6 C2

1 E 1 C2 relation satisfied on r

43 1 Cibc 0

the son E
3
1 f xy z 0 we have Z as implicit for






































































































































ex find the son for y z Zx y z Zy x2 y Z

passing through r x t y t 2 1

Yes fins digit it IT cxys1

yzd72 dz

2 x2 y Ey Z

1 dx y dz

d 272 z 0 5ᵗʰ Z c 4 x2 y 22 C

note d x f 2xdx 2ydy
d x y 2xdx 2ydy sometimes d x y or d x3 y
d xy ydx dy

ydx dy
y ft x y 1

2 2 2 z

day at
xytf.tn Eg i if1y xyz yx xyz x2 y Z

1111 1 mkt Miz C

M xyz C Y xyz Cz

general son F X y 22 xyz 0

relate y 22 G XYZ C2 on M x t y t 2 1

2t 2 C 262 2 C

t ca c 222 2 0
The son is 2 xyz y 22 2 0

F C C2






































































































































Thu Existence and Uniqueness

consider A x y Z Zx B x g t Zy x y t x y z e r

assume that A B C E C r AZB c 0 in r

let P x s y pls 2 8 s SE a b be a smooth curve

in or that is x.B.VE aib

if Δ I 0 on r then the above Cauchy problem has a unique

seen in some neighborhood of

Pf consider the system for char

A e s our assumptions on AB C and α β V

B yo Bcs1 go.gg
guarantee that the system has a mique son

tis y y tis 2 2 t s

since Δ 0 from tis and y y tis we can find

t t af S S xy

Thus we have a son 2 Z tiny S x y

The uniqueness follow from

1 foreach pt of r there is a unique charact passing throughthe pt

2 if a charact has a common pt with a soln surface it completely lies on thatsurfo






































































































































4Mart Sale

we consider the Cauchy problem to the first order quasi linear PDE

ex find the son of 2 Zx xyZy 2 2 satisfy xty 2 and yZ 1

first integrals

9k 27

1 faxdx Sdt 2 first integral

1g 2 2.597 5 2hy h7 c

hy hz C y z C2 first integral

general son F t y z 0 for F smooth

relate Ci C2 on the initial curve

YEE 1 12
275 F 12oct c

y C2

so the son is 2 y z Z implicit fn

Remark to have 2 Z x y in some nbh of M we need implicit for them on M

Recall we can solve Cauchy problem uniquely

A x y z Zx B x y 7 Zy xy z

M XLS J yes Z Z S SE x p

if Alp to we assume A B C and s yes Z s satisfy

cond of the Existence thm

A BiC are not zero simultaneously
FBI 0 0 is orthogonal to any veeter






































































































































What if Δ 0

one can prove that if Dlr D then

we have infinitely many sons if m is charact curve

we have no son if M is NOT charact Curve

ex find soln for the Cauchy problem

Zy yZx 0 and y 4 2 1

first integrals

1 dy
7 4 symbolicrotation

2 C is the firstintegral

It fxdx f ydy
2

c it y cz

we have first integrals

Z C

y C2 Obviously 782 4 and 2 1 is a charact curve

generel soln F Z 7y 0 we can take any F St F 1 4 0

F z x ty 0 2 f x'ty we can take any of St f 4 1

ie 2 78 or Z 5 xty or 2 cos x ty 4

since initial curve is charact we have inf many sons

why we have inf many sons when initial curve is charact

Az Bty C and X XCs y yes Z Z S To construct a soln we take M

and pass chart through each pt of M






































































































































In such a way
we get only but we can take any non charact curve 7

intersecting nice curve
m

and consider the Cauchy with M get son

The obtained soln contains 7 so it also solve the original Cauchy Problem

ex determine if the following cauchy problem has unique no inf many sons

y 2 Zx fty Z
note No need to solve the problem

a M x 1 y S Z
check Δ In

b n x 2152s y 5 7 5 5 2,3

a sin
0

since Δ In 0 we have a unique son

b sin 3 ses ses o

In 0 we have two cases infmany or no soln check if M is charact

En AB C
tangent vector of

In s y s z s s 1 1,1

A B C 1 y z g z sts s s
s A Bic so they are parallel

it not need to be constant

here P is charact we have inf many sons






































































































































Pfaffion PDE

Atx Bty C We construct surfaces tangent to the vector field F Ai BJ CI

consider another problem find surfaces orthogonal to a given vectorfield

G Pit 95 RI Ñ F NYE

normal to the son surface
parallel I 6

anyvector in tangent space to the son surface dx dy dz is orthogonal to G

that is dxdy da PQ R 0

Pdx Ody Rdz 0 Pfaffion PRE

ex suppose G is conservative vector fields

x 8.7 is called potential of G

G i t dy j dz k

then the level surfaces Lit C will be normal to G Indeed G No at each pt

Recall if we consider 6 in a simply connected domain I then G is conservative iff

curl G 0

curl o Ry Qz i Pz Rx j Qx Py k 0

ex determine if G yz 1 i x2 1 j yet k is potential

and solve yet dx 1 dy yxt1 dz D R R

curl G

i j k i 3 k
curl 6 2 2g 22 2222 222 x x i y y j 7 7 k 0

P Q R YEH 471 xytI

Since G is conservative G Pi Qi RK soln of

Pax Qdy Rdt 0 is given by potential






































































































































P dx Q dy R z

0 77 1 yZx C yet

dy 7H 2yd XZ 224 2 1 224 1 C y cz z

92 1 0 xyt x y Revt
2220 get

222 2 48th 02 1 Cz Ztc take c O
need 1 potential

xyz ytz

the soln surfaces are C Xyz Xty z C

if G Pfaffion PDE has a soln

an other case when soln exist if 6 1 V0

that is p x git V0 Again D C would be a son

vectorfield orthogonal to 5T p itiit conservativeasurface

Let us show that these are two only cases when son of Pdx Ody Rdt 0
exists

Indeed let x y 7 C be a seh

Then Ñ 11 E G MNp MY

when 6 1.00 for some

necessary cond for G MV

assume that soln exists we write nyit 0 as 2 Z x y then

we have dz Zxdx Zydy and we substitue into

Pdx Qdy Rdz 0

Pdx Ody R Zxdx tydy 0
PtRZxdx Q Rzydy 0 dx dy are indep






































































































































P RZx 0

Q Rzy

Zx

Zy

we consider smooth for so Zxy Zyx

1 y Play lx.gr Q xyi2lxy RLxy.zcx.y

R Py PzZy P Ry RzZy R Qx QzZx Q Rx RzZx

R R

NazmiOyar Help Room Sale 14.40 16.30

6Mart Car

we consider the pfaffin PDE

Play7ldx QLX.jpdy R x y 7 dz 0 in R E R

we know that soln exists if

pitaj Ric mkig.tl Imyit for some

Necessary cond for existence of son

assume soln exist
Pdx Ody R Zxdx Zydy 0

2 Z XY
subs to the eqn P Rtx dx QtRzy dy 0 dxdy indep

E

zy
2 8 Zyx 1 y 2 E

PlayZexy Q x y taxy R xp 76,91 so

Py Pzzy R P Ry Rzzy Qx QzZx R Q Rx RzZx
R R






































































































































theequality

ftp.z
R PlRy

EIg
ax 1 IR Q Rx

E
x

PyR PzQ Pry 93ft QR QzP QR 92ft

Plat Ry Q Rx Pz R Py ax 0

we have PQR curl PQR 0

the vector field G Pit 95 RE MUST SATISFY G Curl6 0

Remark we also can look forsoln by solving

2x

zy

ex Solve yzdx 2 7dy xy.dz 0 4,91770

firstcheck necessary cond if soln exist

G yz it 2 2 j xy k G curl6 0

i j k

curl6 22 27 xi 1075 ZE
YZ 2 2 xy hit it potential is not conservative

We'll prove that ithis son
G curl6 yz 2 2 Xy x 0 z xyz xyz 0 son exist Gcome 0 is a sufficientcond

2x 15 f Inz Mx B 2 so z B

2g 3 2

Seln Z 2

Fy 2 E 2 JB EB
In 1 2nly C B remember Z






































































































































ex Solve y z dx 2xzdytxy.dz 0

firstcheck if soln exist

G y z 2 2 xy curlo 2 x y y j 22 2ft k

y'z 2 7 Xy

GwrtG x y't f g 2 7 22 2yt xy xy z 0 no son exists

necessary cond holds dont mean son exists

no necessary cord no son

sufficient cond holds son exist

no sufficient and

Then let PQ R be cont diffable fns in some open simply connected r

Then through each pt of r passes ex Éface 2 Z x y satisfying

Pdx Ody Rdz D iff the vector field 6 equal to
also P Q R 0 in thm

G Pi Qjt RK satisfy G curlG 0

pf if son exists then G wrlG 0 is proved

suppose G WrtG 0

we know that it's enough to solve

2 1

2g
date 5 2 a

we need to solve
21 I also G curl6 0 Ply Q Zxy Zyx

fix xo yo 20 ER

and consider 2x F x 80 Z ODE P is smooth here a unique soln

satisfying 2 Xo 20 Wehavea curvethrough that pt xo yo to






































































































































next for each Pt X Tci ZL

we solve 22 5 c d z 2 yo 2c

we get family of curves lx

the union of curves ex generates unique surface S passingthru X.o.si

let us show S is a son

by construction 2y 5 is satisfied on S but for Zx P is satisfied on L for ygo
let us prove that Zx P on S

consider A 2x P A 0 2x AtP

we have AyEgy Fy Pity 5 5 2 PJ Fzzy

Ay 5 57 ATP Py EQ

Ay Ox QA QzP Py F 5

F y 5 Fy PIG 5 5 5

Ay Qx QzA Q P Qx 575

Ay 52A A c effddt but 2x P for y go so A 0 y go

set y yo D C 1 C O A 0

we have 2x P for all y

Remark considering Pdx Qdy Rdt D we obtained necessary and sufficient conds

for existence of seln but we also obtained necessary and sufficient conds for

existence of soln for

2x Tlingit
son exist if 5 5 that is Py Pz Q 5 52 P

zy Q xy t






































































































































ex for a system

2x x
7 z a determine if seen exist

b find son if exist

2g x Z

a 2xy Zyx

2xy p
1 Z Eye t Zy

it ftp.t Egtx

z2yxti z f x ax

2 age x g Z xy Zyx sonexists

b 2x t Z

y fixed f 2 f f x f z ax

Mt u x'ty yx B y

2 ed Fye B y

B 2g x z x e'tf Bly

2y e ftp.Bly y xe'FyBly ext gBly te'tFy B y

ext Fy B y 0 B y 0 B C

2 Ce Fg






































































































































11 Mart Sale

ex a 2yz 3 dx Xt dy xy.dz 0

b x yldx Zdy dz 0

determine if a seh exists and find son if exist

a existence G curl 6 0 G 2yz 3x it xzj xyk

i J k

curl6 27 Oi y 2y j z 22 k yj Zk

28 Z Xy

G curls y xz z xy 0 soln exist

find a son for 2yz x dx Xtdy xy dt O Z d7

It dx 1
dy

2x 271 E

2g
1 pick this easy

Zy
2

Zy someday f note G 0 2yx x

1
put B into Z

liz by B x
2 zyx7x C

ZY BG y

z By now subst in Zx
y

B 27 ns.es dx
m ett x2

y

B 2B B 21 3 linear ODE B






































































































































b x yldx Zdy dz 0

a existence G curl 6 0 G x y i t z j t k

i J k

curl6 22 3 27 ti 1 j 1 k it j k

x y z x

G wrlG y 2 x ytz 0 No son

ex for a given system determine if a son exist and find a son if exist

2 27
2

check laxly Zy x

2 ett z 2272227Zy extttz

227 4ftZy ext 2yz Not equal no son

ex for a given system determine if a son exist and find a son if exist

check Zx y Zy9 yzcoscxy

Z cos xy yZycos xy yzx sin xy
Ey cos xy

2cos xy Z xy Zysin xy

yzycos xy 7 cos xy

71 4 cos xy yegg
cos xy

we see Exy Zyx holds
identically soln exist

p
f constant

we have Zx ft cos xy d
yetcos xy y cos xy dx

MZ g 1g
sin xy Bly 2 Bly sin xy

esin 9 0 B C

so Zx yzcosexy z Bly es 8
2 c esin x2

p esing Besin 9 cos xy Bes cos 9
feesat at sinat c






































































































































2nd Order Quasilinear PDE

a second order quasilinear eqn is an eqn linear in second derivatives

An ay Mxx 2 air x yMxy 922 x y Mgy F x y M MxMy 0

quadratic form an Or

we consider classification of a 2nd order quositive PDE

idea we try to simplify the ear by change of variables how it works

we introduce new variables 2 independent variables

xy
we rewrite the eqn in and 2 variables

2 2 x y

we have u my 2118 we need expression for Mxx Mxy Myy

Mx My Nz2x Mg ng 2mg x f My 4,21 261g 2x x y

My MySy Myly

Mxx Mss x Mgz2 MgExx Mz Mzz2x 2x Mz2xx

Mgg 2m323 2 122 Mg xx Mz2xx

in the sameway

Myy Mg Sf 2Mgr yly Uyy2y MgEgg Mylgy

May My ExEy Mgr Exly 2 5g My lily MgExy Mz2xy

now subst into Mxx Ugy Uxy






































































































































allMxx 2912Mxy 922May D

and collect coefficients of Mgs Mgr and 422

atMgg 2 at Mez 922 My 0

at an x ̅ 2am y 922 35

at an3 2 912 2y 2x g 922 y2y

522 9112 29122 22 9222

we can make the egn simpler by choosing 2 St some coefficients are zero

try to make at 0 we look for st

an 2am y an y 0 e

claim Kif solve eqn 1 iff the equality Lxf C defines an implicitfor

satisfying Andy 2912dxdy aredx 0 2

pf assume if C defines y yex then

If subst 1 into egn 2 an 2am11 922 0

we get an 2am ᵗy are 0 multiply by y we getegs 1

all x ̅ 2912 y are 0

now let's solve egs 2






































































































































sowing 2

an dy 2am dydx azz dx 0 y Éffey

first we solve 1

a 2am are 0

If
an assume an to

all

13 Mart Pers

Recall classification of the 2nd order quasilinear PDE We want to simplify a

given equ

a x y Mxx 2912 x yMxy v22 x y Ugy F x y M UxMy 0

new variables we have

atMzz 252Mez 922My F 2 M Mz Mz O

ai an x ̅ 2am y 922 35

at an 2x 912 2y 2x g 922 y2y
522 9112 29122 22 9222J try to make a 0

we proved

1
an assume an to

911

then we have 3 cases






































































































































3 cases for 11
12 I assume an to

all

1 Hyperbolic eqn in r

aiz an an 0 in r In that case we have 2 sets

1
2 Gg

here we can make at 0 and at 0

all
so the canonical form of a hyperbolic eqn

1
ar Fak 26g

a Mgr F E 2 M Mz Mz

2 Parabolic ear in R

aiz amazz 0 In that case we have only one soln

dy 912
ax a 54g and for 24g we can take any smooth for

independent of x f

Then at 0 It turns out that at 0

Indeed 912 Fan Now

all 2912 y 922 0 at 0

an 2 af 3g 92234 0

art 3 ar g 0 ran x ran y 0

for at an 5 2 an x2y Ty2x 922 y2x
9,3 2 x Man 2y y 2x 9223g2x

Eff F 2x Fly at o

Here we have 522 My F 3,2 M Mz Mz My 3,2 MMz Mz
canonicalformof parabolic egn






































































































































3 Elliptic egn in r

ant all an 20 in I In that case we have two complex solns

If_antifa any c

911
Y x y C

hyperboliciteters

If an i two complex conjugate sons w̅ x ̅
all

take 3 4 Re 4

2 14 In 4
2i

anUx 2amUxey 92245 0

an 3 12 1 t 292 Ex i2x y ily an y izy 0

a 29,2 y an f 2 i a 5 2 x 2am 2g y2x an y2y
an 2 2922 2y 92225

at 2iatz 02 0 so at 522 at 0

so in 3 2 variables we get

at Mzz at Mzz F 0

Mg My F canonical form of an elliptic egn

Remark note form of the egn depend on the domain r

ex consider the ear Fuxx 2 y xTjy D air an anz
discriminant

Δ 1 yx 1 xy

hyperbolic 1 xy 0 elliptic an 2012 an 0

1 xy 0 parabolic boundary dye 2am 17octTip c ego Person

elliptic
elliptic

parabolic boundary






































































































































ex for a given egn determine the type of ean and transform it to canonical form

Mxx 6Mxy 16Myy Ux 0 x y R

an 1 an 3 922 16 Δ 9 1 16 25 hyperbolic egn

5,2 we solve 1
an Fanfan

all

3
3 5 8 fdy f8dx y 8x c y 8x c y 8x

2 x F 2 Sdy f 2dx y 2x c y 2x c 2 yt2x

find the expressions for Mx My Mxx Uxy Myy where 2 y 2x 5 y 8x

Mx 22M Bang 2k.gs MyEx My2x

Mx Mg 8 Mz 2 8mg 2h2 8M 3 x y 24y 2Mz 3kg 2147

My Mz3y Ugly 1Mg 1My

Mxx Mx 8 Mzz3x Mzz2 2 U2 Mzz2x

Mxx 8 Msg 8 v32 2 2 Mz 8 My 2
64m33 32m32 422

Mxy my us uz Ms Ex Mzz2x Mz Mzz2x

8M 2mg 8m32 2422
Mxy 8m33 6432 2422

Myy yMy Zy us uz Us Uzzly Mz y Uzzly

Ugg 242 42

subst into original egn
Mxx 6Mxy 16Myy Ux 0

64M 312 422 6 8M 6132 2Mg 16Mgs 2132 422 8mg 2h2 0

100m32 M four






































































































































ex for a given egn determine its type and transform into a canonical form

y Mxx 2xyuxytxtugy Iux f.my 0 x y so

a ayazz xy x y 0 parabolic ear

find 3 2

y dy 2xydydx x dx 0 y 2xy1a x 0

y x 0 I Sydy f xdx 842 x2 c

x y c
3 xty 1 x

pick any 2 say 2Mx My My2 2xMy My

My My y Myly 2yMg 12.0 2JMg

Mxx 2M 2x M Mez2x Mz 1222x

2mg 2x Mg 2x Mgr Mez2x My 2mg 4 2use 4 1 My

Mxy my 2yMg 2g Mg Mez2x

2y 2xM Mg2 4xy.ME 27Mar

Myy us
y 2yug

2M 2y M By Mar 28

2mg 2y 2gups to 24g 4y Ugg

subst into the eqn

y 2mg 4 u t uxuzz v22 2xy uxy us 2y u ez

x 2mg uyMg 2x us uz 2yMz 0

4 y 8x y ax y Mg u j uxy uz Figuzz
2y 2 2 2 2 2 Mg 2y 22112 0 yuzz 21

2 2 0 My
24 84
yr

M

canonical form






































































































































18 Mart Sch

ex transform the egn to the canonical form

Mxx 2 sinxMxy cos Ugy cost My 0 x y 70

type air a an sink cost 1 0 hyperbolic type Is
solve 1 9127 Fit sin M sinx 1 and sinx 1

all

dy sinxtilde y cost x c y cosx

dy sinx 1 dx y cost a 2 y cost

find ex my uxx Mxy Ugy while I 37 1

ly
Mx My Melx Mg sinx 1 My sinx 1

My MySy Myly M
g
1 My 1

Mxx Us 2M 3 2 4222
2
Mg5xx Mylxx

sink.it sin final statile cfsx else

Mxx My sinx1 2m32sink t My Sinai Mycost

Mxy Mg Ex y Mgr 32y 3y2x M2z2x2y Mg3xy Mylxy

Mxy Mg sinx 1 Mzz 2sinx sinx 1 My

Myy Mzz3j 24g Syly Mplf MzEyy Mylgy

Ugy M 24 2 V22

subst all terms in original egn

sinx 1 Mzz 2caskUzy sinai upz My cost Mycost

2 sinx sinx 1 Mgs 2sinxMzz sinx 1 My we already know
0Uzz 0.122cash Mg 2m32 up cost up My 0

sinx 1 2 2sinx sinx 1 cos2x My 2cos'x 4sink 2052 Mgr 0 My 0

4mg 0






































































































































further simplifications
the equations with constant coefficients

In canonical form of hyperbolic case

Agy atMy ozMy CM D Or or CER

Incanonical form of elliptic case

May My ailly army cm 0 a a CER

In canonical form of parabolic case

Mzz Aim ozMy CM D a or CE IR

in general we can remove two more terms My My in hyperbolic and ellipticcase Mgand Ny
in parabolic case

variables V 3,2 by M 3,2 eP 92
3,2

we choose P 9 st coeff of V3 and V2 are Zero

ex simplify the eqn

Mxx 2mg 2ux M 0 setting u e 98 x y

Mx peatay y epagy

my get
ᵗ98 eat99 g

lexx ple t9tv per 9vx pep 99v ept99v

now subst into the egn

e
99 p v 2pvx vxx 2 e ᵗ99

qv vy 2
98

put V ePt9s v 0

xx 2p 2 Vx 2vy p 20 29 1 V 0

choose p St 21 2 0 p 1

choose 9 St 1 2 29 1 0 9 1
P 1 9 1 if n e Tv or v es xu

then V satisfies

xx 2Vy 0






































































ex simplify the eqn

Mxx Nyy 4ux 2mg the D by using a eP 98 v

Mx pep 9yv ePt9yv

my get
ᵗ98 eat99 g

lexx ple t9tv per9vx pep 99v ept99v

ayy q eP9Yv 2928 99vy e 91
ugy

now subst into original eqn

e Vxx 2Pvx Pv 98 Vgy 29Vy g v 48 9 put vx

2 99 qutry 99 0

xx Vgy 29 4 Vx 29 2 Vy p q up 29 1 v 0
4 1 8 2 1 0

VxxtVgy 4V 0

if µ e
2 8 v then v satisfies the following eyn

xx Vgy 4V 0

WAVE EQUATION

Mtt C Ux O N 2 4 0 to CSO

note that this egn in not canonical for

an 1 912 0 an c at an an c 0 hyperbolic eqn

transform it to canonical form

125 iÉ Ic dx cat
a a It

3 x ct 2 Ct



use 3 2 and find Mx My Mxx Ugy

Mx MySx M22x Cuz Cally

Mt Mz3 Malt My My

Mxx chuzz 2c uzy chuzz

Mtt then we get Mzy 0


