
ex II x ̅ solve drawphase portrait

det A XI 1 2 3 1 5 0 X 2 2 0

so 21,2
25 8 Afi let w 1 w2 2 i

we Ii 2 if
R Ati A C Ai I I

4 e'tilt 1 it
W leading

f we free ét cost is.int 1 it

son son
If

Xg c Reli CeIME real sons

g aéᵗ cost L sin set cost g sint s
5 D

4 914 1 2 52 4 218
Phase portrait
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ex x ̅ 1 x ̅ ELI
111 EEdet A RI 1 a C 1 a 10 D

LL arrow isimportant
X 9 0 I3 origincenter

neutrallystable

Re a 0

3

A 3iI w̅ x ̅
leading w

Is trot 0,0 then youmade mistake

we Isi if

x.̅CH e'it 3 it

is
hi d

xg̅ c Re XP C2IMG
redal

exercise x ̅ f solvethe system write general sons L my

case III Repeated Eigenvalues alg R 1 x ̅ Ax ̅ det A RI 0

alg R K 1
two possibilities

K linearly independent eigenvector alg R K MLR

of free variable of lin indp eigenvector
two solution will be

t e

It e v2
x ̅ H e



there are less then k linearly independent eigenvectors C

A RI gives us eigenvectors less than K

M a alg A k

Question how can we obtain the missing eigenvectors generalized eigenvectors jordan form

if MCR alg A then its not diagonalizable right now

Def to find eigenvectors we some A RI actually we are

looking at kernel of A RI

Ker A RI CA RI Va Kernel notation

setof 1in ind eigenvectors dim Vx M R
1 41

in

corresponding to Ref A
1in ind eigenvectors

ex alg a m R

x ̅ detla XI 1 x 2 0 alg R 1 2
a 1 R L single

alg R 2 I MIX L

repeated

1 2 A 21 Ñ find ker A 21

v1 V2 lead

Us free
s 0 4 0

1 Vz Vz D ve V

w̅ v3 KerCA 21 span 9
2

dim Vaz m X 2 1

x ̅ ae
ᵗ



1 ATI Ñ find Ker ATI

1
lead mar 1 2 dim Yen

aig R 1V2 Ug free

vitur tug o Vi Uc Vz

ñ ve v

V KerLA I span f dim Kerlate 2 m R 1

it get Ict get

here observe A is diagnolitable invertible matrix P st D P AP

where D P

Question what happens if A is not diagonalizable Or what happens

if m a alg A that is if there is not enough of linearly

independent eigenvectors

in this case find Jorden form P AP J

The Ann invertible matrix P st P AP J

oran form
ie

0

At Ji

81 a

O o an



ex

1 1,2 4,7
repeated

at m

alg a 1 Mca 52 1 1
ex

ay 2 m 2 Jan2 2 ex

alg 4 2
M EU 2 52 2 2 2

Remark M X 4 1 52 2 4 4

1 alg R size of Jordan form or 4
2 M X Jordan blocks in Jordanform

0 2 0 0

e

A J a
0 0 4 1

0 0 0 0 4

ex det A XI x 1 R 2 D

1 0 alg 2 0 1 M X D Jax 0

2 2 alg L 1 M X1 Jex 2

M x 1 L 52 2 Up
2 1 alg 2 1 2

M R 1 1 Jax 8

5 1411 or 5
8

0



ex det A XI x 1 x 2 0

M R 1 2

may

L alg 2

may giggffy
1 2 alg X 2 3

worst case

worst
m 2 2 2 Jg or 533 1

mCR 2 1 Jan

Case III Repeated Eigenvalues

finding J and P

firstconsider A axe and J has only one block repeated

Az alg a 2 mini l J

AP PJ
let P Eit.fi

A in 4

P AP J AP PJ

AT XP'D AT

A XI 1 w̅ is the

ordinary eigeneter A RI E III
ir

w̅ generalized eigenvector obtainedby



finding w̅ and w̅ we have two ways

1st way usualway

find by looking at KerCA RI

use obtained in eqn A RI and solve the system for

2ndway

find w̅ by using A RI 2 CD multiply by A XI from left

A RI I A R T

so A RI hom system KerCA RI

so cheese c

Kerff
and KerCA RI Va

just to guarantee that w̅ and 2 are linearly independent

this produce a chain
KerCAXI2

w̅ I
KerCA RI Ker A XI

delete 4,1 2

choose 4,2 but not in Vain thenfind by using

A RI
keep theOrder

then P

Is c
5 1

if we change order in P LE J



ex find J and P for A 1

eigenvalues

det A RI
t
In e A S R 1 2

2
0

1 2 22 2 alg R 2 2
eigenvectors

Ker A 21 A 21

Y 1 8 He 1free mar 2 12 alger 2 2

Jan P vituz 0 v K

v 4 v t
generalized

eigenvector Ker A 21 Va spen

1st way to find I

w̅'ll KerLA LI choose I ordinary eigenvector

for w̅ solve A 21

II s I I S a e b let 5 0 are

so 8 generalized eigenvector

P w̅ w̅ Y 5 1 1
check it

J P AP f if
matrixcarpin ogres

Now we shall see the 2nd way of finding w̅ w̅



2nd way finding
I

first find
2

by looking Ker A XI Ker A 2172

A 21 span 9

choose Her A 21 Vaz and Ker A 21 span t

8 9 THEN with a

span
KerCA21

Y WLOG chose t V42 but not in Vain

then find w̅ A 21 2

w̅ II I

so P w̅ a id J C

Note that we can choose w̅ as well this time we have

w̅ A 21 Y 9 t

P 19 1
check exercise

ex find Pand J for A

eigenvalues I x 2 5 0 Ri R 5 alg R 5 2 repeated

eigenvectors Ker ATJI Vane

C
em

V2 free 1 free m R 5 1 22 alg x 5

2v v2 D

so 5 5 1 Ker ATI 4 I 24 ve o

seen L



1 find w̅ der A 5I I A 5I i

AFI 1 as free

9 a 8 HerCATSI span

choose w̅ Va span b but not in Va span k
WOG choose w̅ 8 I Flav ve o

then find E AEI 1 8

P E w̅
Lena

exercise find by using 1st way
Question what is the son of

x ̅ Ax ̅ x ̅ 1 x ̅

Eff
how can we write the son we need to use fundamental matrix

actually exponential matrix eat so what is eat
Remember if x ̅ x ̅ are fundamental sons to hem system x ̅ _A
the matrix I x ̅ x ̅ _In is called fund matrix for x ̅ A x ̅

then the general son to system is Iga I Cixi exit Cn



Them if is a fundamental matrix for H x ̅ A x ̅ then

LH P is also a fundamental matrix of H for any non singular

invertible matrix P date 0

Pf let P Y to YUP LH I t t

St to to III I identity

that is 1H ji y where each column

7,6 e 5th row

then the son of IVP x ̅ Ax ̅ to becomes

Lt t

given in question

Remark we usually take to D

Defr It YA Y t with to I is called find

for H A x ̅ Moreover I t is unique Here t is any

fundamental matrix for H

ex x ̅ 2 x ̅ find YCt and Elt for to 0

eigenvalues 22 1 0 the 122 1 real distinct e tu

eigenvectors

R 1 Ker R I R I 0

i Y fee n ve ov.ae w̅ Y ref
Ker A I span k

x ̅ etc E



2 1 Ker RTI ATI

1 su ve o ve su Ker ATI w̅ I su v50

span I
in e't s Et

Y t any fundamental matrix

1H 8148 to 1 0

find o 810 8 o f f

then the special fund matrix I YA Y o

C
101 I

Question what the hell is of t

Answer it's a god damn son of ivp
t A t

o I

now look at eat

eAᵗ is called matrix exponential where A is constant matrix

Remember eat it 19ft aer

eat 4 It Att t converges tER

eat I ET

check eat eat Ae Af A At

eat A eat z.FII eat



This means that eat satisfy H x ̅ A

and moreover eat It 2 I

That is eat is the son for x ̅ A with eat I

Conclusion eat t where 10 I

That is the special fundamental matrix is nothing but equal to eat t

Def the exponential matrix eat where A is constant is the s

ffgt
i

for homogenous system x ̅ AÑ which satisfy eat I

that is eat ICH 414 10 where LH is

ayffff.fiEx x ̅ 4 x ̅ find 4H Elt et etf
eigenvalues 1 m 4 14

eigenvectors 3 Kerla SI A II

1 24 4 0 f Ker A II k 1 2v.tv o

so x ̅ t IT
seen E

l Ker ATI A I Ñ

1 2m µ 0 free Ker ATI Ñl 2m the o

span 1
so xc̅ étTI
Thus LCA x ̅ E t 810 L1 Y 101 II
Elt eat YAY 10 II e T

It e t 21 48
e't e t
2e set Lt



observe that o I

eA eat
2e t2é e e

he _ye Ze't zé

Them if Y t is a fundamental matrix then t P is also a fundamental matrix

where P is invertible

15Nisan 2024

connection between eigenvectors and eat

eat is the special fundamental matrix for x ̅ A F

how can we find eat without calculating t YH Y 10

1 A is diagenol

A D 8 2

A D i

eat It At A t e

a t.im t

f i nt
E

eat 0 eat A

O e't

then son to x ̅ Ax is iga eati.ae qeat cnent



2 A is diagonalizable

invertible Pst P AP D P AP D A PDP

eat e
PDP t I

me't I 1 1
P P peap eat

where e't diag e
t e't eat

eat ePDP t pest p

then the son to x ̅ AI is Iga eAᵗé Pe p

and we can write gen son also by using them saying eAᵗp is also fund matrix

Iga eAᵗpé pest pipe pedte

where P is invertible matrix obtained taking each eigenvector as a column

P EM I'm

3 A is NOT diagonalizable

in this case A can be written in Jordan form That is invertible P st

p AP J J Jordan A P JP

eat ePJP t p est I

Thm exponentiating a matrix in Jordan form if we consider 1 jordan block

1 t 42 In 1
5

O e't e't o e t Elena

O i





Tiger eate or Ipe

Tiger eAᵗpÉ Pest f I

peite i e ᵗf 4 E

ign we 1 c e I
e I

c e G

Isa c e 1 cie 1
Lt Ect Cee tri v2

son comingfrom son coming from
ordinary eigenvector

generalized eigenvector

Drawing Phase Portrait

A has 2 repeated eigenvalues

case 1 alg A MIX 2 linearly independent eigenvectors

So origin in a star point or a proper node
eigenvector

proper node

y 2,1
eigenvector he

stable

star I
s in r

Pipe unstable

case M X 1 2 alg A onlyone linearly independent eigenvector

Origin is called an impropernode

A 0 unstable 40 stable impropernode
I

w̅ LLw̅

I EE Ai



to draw phase portrait

1 Draw ordinary eigenvector Decide about direction of arrow by looking at signof X

So outward 20 towards origin

2 for other sons pick a point like

E or et and subs in system

AT II t NOT GOOD so try et Ae 5
could not decide

1 270

Y
with

ex find Pand J for A

eigenvalues I 2 5 0 Ri R 5 alg R 5 2 repeated

eigenvectors Ker ATJI Vane

C
tea

v2 free 1 free M R 5 122 alg 1 5

2v v2 0

so J 51 Ker ATI 4 I 24 ve 0

seen L
ÑÉcam a

e't e 14 e

x'̅gn eAᵗpE e PE Pest fE pette



so ign.fi Je
5t

JE I D
c é 1 qé É et so

let choose i1
Ae 1 T

when A is 3 3 x ̅ A alg 2 3 m x 1

consider 1 Jordan Block J

P I J

P AP J AP Pj

A E J E

AT RT

A X 2 ECM

A w̅

A XI w̅ ordinary eigenvector

A RI generalized eigenvector obtained from

CA RI w̅ generalized eigenvector obtained from w̅
2nd way 17 Nisan 2024

A RI

A XI Ea fittest A XI w̅ A RI D KerCA RI

A XI Ta Ifewith A RI i A RI T 0 w̅ EKer A RI

constructachan enoni Eiiiii

Keri II Keria Ker I



construct A RI 3 subs Chosen 3 matrix mult not solvesystem

A RI F 2

E Va 2 but Vain and Vain be careful

Generalization Anxn consider only one Jordan Block

J P AP J AP P P E

A A XI O

A w̅ Rewrite CA RI
A RI i CA E w̅ D

A A XI I'm A XI D Eker A XI

construct a chain

Ker A XI Her A RI Her A RI

Ker A XI

construct CA RI
n

jan21 CA XI
i

w̅ A RI FG

ex A a find P b some x ̅ AE 1stway exercise

eigenches def A XI D R 2 3 D 2 2 alg 12 2 3

eigenvectors A 21 E Ker A 21

1 tie mixes e at Joan brae I

Ker CA a w̅ III no v vs span E
1stway A 21 solve system for 5

then A 21 5 some system for pas
exercise



2ndWay

compute van Ke CA 21 A 21 L L
Her A 21 ve ve n span

compute A 21 must be zero hive s free

Kerca273 g iv free span

Should not satisfy
pick one Va and not in 4.2 Vi Ev D

then find V2 A 21 must satisfy Vi ve v D

thenfind w̅ A 21

th P E w̅ w̅ 5 1
b Iga Y t C or eAᵗc

eP Ipt p estp
need to find P we dontwannadealwith
but in exam this will be asked

eAtpe
Pest

e't e

ign Peste
son coming from

c e are II c e 1 generalized eigenveeter

son comes E 9 Efrom ordinary
eigenvector w̅ w̅ F 27 Jul F





Now V V v 3 Ef
P v i v j

xg̅ with

xg̅ YCHE Pette

5 FI e't Eft Pette

1 éᵗ
edit Ce't e't

etat e't
xg.ae f czé t f sé t 3

s.IE7
eigenvector

exercise

1 find A if A check diagonalizable if not check Jordan form
A PDP A PD p 1

if Jordan

A PIP A P52 p Remore in 5 8 1
f o N

in

2 find eat for x ̅ Ax

A it 5 1 1



22May's Pzt

so the general son of x ̅ A t

xg̅ XP L It E YLHSY.ltget dt

a Solve x ̅ Ax draw phase portrait
ex x ̅ it

fed b some x ̅ AI 8H

a eigenvalues

det A 21 X 1 0 It
1 Ker I x 1 1
1

out
a it O

Ker ATI span 414 éᵗ f Ker A I span k



In c x ̅ EX Get 1 wet s L

faddle

Unstable

b VOP

assume Xp Y t Ñ t subs in Ñ

Aip It

Y u Yu A YM g t Yu glt µ Y t g t

Af

so it f Éet integrate it now

it I 63 I E It

t t te't e
t at

who

E tet et dz
WLOG

Stetdt te t Setat te t e't IBP

Xp Y t Ñ t

xp 1 5
It te't et

tet et
exercise

x'̅g In Ip

x ̅ et e't
et set

E x ̅



ex some x ̅ IN i
A In

eigenvalues 1 x 0 The 1 alg R 2

eigenvectors 8 f v1 free MCR 1 alg 27 2
ve leading generalized eigenvector

Ker A I Y vz a v free span b

era I A I 88 span f g
now choose E A I

w̅ E A I

WLOG choose w̅ 9
find 1 A I

f e Ker A I

j est et ft J FAP A PJp 1

in III
E Pe a é

where P w̅ f j i
x ̅ 1 1
YLt ÑH subs in x ̅ A I YA n't get MCH Y It g t

YH Ñ glt
L some bycramer's rule



OR CRAMER'S RULE

et tetM's
eat e

ᵗ

m e
t
te t

u f e
t te't dt e't téᵗ éᵗ d

e

Mz e
t did

ñH de't te t

e t

xp I E II

xg̅ xi I

ex L I
in
det A RI X 1 D R Fi Re R D IMCA 1

R i Ker A II

i n Cain O E



e I e 4 cost is int i t

cost sint i cost sint

TÉE
n c x ̅ C2

II a EI a
i

rein 0sint

origin is A 9 I
IF YH Ñ glt det YLt 1 neutrally stable

µ
I t

sint t cost 2tsint integrate

defYLt

µ sint cost It sint dt 2cost 2sint sint 2t cost d

us I integrate

w̅ d

us C i t did so it

Higher Order Linear ODES

Pn t Pn t y
1

Pe t y Poltly G t nth order linear ODE if Palt 0

if Palt 0 tEI then divide DE with Pn t

y f y a
6 t or
Pn t

y't anultly antt y a f y g t standartform of nth order linearODE

with ai.fi and yet 8



Defn
if glt O homogenous H

if glt to non homogenous N

notation if ailt 1 0,1 in 1 are cont fn on interval I then we say the

differential operator by the egn 2 because linear operator

2 y y an f 1 alt y 9H y where the operator

D an ct D a t D alt with D n

ex D D I L g y t y y
g y y y DEL

t
where L D an on't to at

t t

H L y 0

Remark L is chosen to remind us operator 2 is linear

2 ay by ally bL ye

ex is 2 D D 1 linear

2kg Bye D g Byz D Xy Bye 1 g Bye

y y ay By By By

g y y Bly yi ye

ex consider 2nd linear ODE

y alt y aoltly glt L y glt L D a.lt D aolt

ex y 2g y y e
t

Lly e t where

2 03 202 0 1



Defn define α y y an_ t and y aolt y where ailt cont on int I

N y get git is cont in I

H L y 0

Now give IC

y to yo y to y's y to y's y to y

where yo yo yo yo are some given values

then is called IVP which in n th order linear

Then consider IVP y an_Ct y and y aft y get

ytto yo y to y

where ailt i 0 n t and glt are cont on open interval containing to

the exactly 1 soh y t of the IVP satisfying both DE and IC

ex by x y hxy 8g ex ya 3 y a 6 y 1 3 Linear3rddegree

you have to leave the biggest y alone

y t y y Fy a and get all cont interval of seln R by EU
T T T F

ex determine the intervals for which the unique seen exists for IC

a x 1 y 3x y ay 2 2nd order linear

I

t t t't a c a
91,90 g x cont x EIR 0,1

by EV if XoE 0,0 IVP has unique son on I

if XoE 0,1 IVP has unique son on II

if Xo E 1,0 IVP has unique soln on III



b exy xy y tax

a a cont xElR however glx is cont x wherea t
FEI EEE

Xo 2T I I
if Gen 22 3 the son exist by EU31T I ET T

Thm Superposition Principle if the fnsyn.fr yn are sons of

L y y
n
quit y alt y aoltly o H

then anylinear combination of these sens

y C Y Czyzt Cny Ci constant is a son for H

Pt if ya ye yn are sonof α y D 2cg 0 2cg 0

2 cagetcafet tangn catty Catelyn and yn 0

bylinearity

Q is there any seh which can NOT be obtained from y Cafi t e t Cryn

where Ji L2 In are sons of y 0 H

A NO if ya y are linearly independent in other words if point to where the

y ye In

yi yi yn then the frs
Wronskian why gr Jn to

thinkingTidbit
f y fi

Defr Then the family of sons y c g anyn with random Ci includes every son to H

Thus it's called a general son and the tin indep Set Yi In is called

fundamental set of sons of H



Then Let g Ct felt yn t I be a set of sens for
CH d y y an_y a A y q t 0 Then followings are equivalent

1 y yn is linearly indep Cif any 0 Ci o

2 Why ya yn
t to teI

3 WCy yn to to for some to I

4 y cig anyn is general son for H

5 for NON HOMOGNS
system LCy get N

Y FutFp is a general son of N

hmgnscomptimntayselnf.sc hiar son

6 if alt and 024 are sons for N then y Delt Pact is a son for H

Pf 6 since di t and02H are sons of CN then

α di get
a get

01 02 2101 L da 0

by linearity of

2 0 02 0 de 02 isa son for 2 y 0 H

solution techniques for n th order Linear DE

N y am y and y aectly get

H y am y and y agitly 0

Now consider first non home and hem DE with constant coefficients Ailt a constants O

Ñ y an_y any a y g t

II y an y any ay 0

first consider II



II can be converted into a system of 1st order ODE

that is

a y Xi y x

x2 y2 1 Differentiate
xj y aL

n y
1

n y any am y any asy
i i

n an in an e n n ante aox

then

010 0 we know how to solve this system
001 0

Jeff
i ay tuft qq.tn

ears with constant off

I
so look for characteristic eqn the the In

det A XI 0 to find eigenvalues Then obtain corresponding eigenvectors w̅

so the son x ̅ e
t E x ̅ e't x ̅ eat

now calculate det A XI

det A RI C e X an_ x t anX a 0

a an R an An an R t anX as 0 char ean

Remark since y an_y a y a y 0 it is observed that one can

obtain the char eqn by putting instead of y in F



ex y t any ay 0

y
2 21

Diff Y y x

X2 y any a f an 2 aoy

a
detca d I.ae x'tanx ao Ce2CN ann ao 0

A tank a 0

ex y azy a y a y 0

y y x2

x2 y
Diff

z y
g y y y 92 3 a 2 90 1

deta
aea

td.Cdtarx'tana ao o

Remark Once we find the roots of char egn we know how to solve the system

we have 3 cases for roots of char egn det A XI 0

case I Real Distinct roots for CherFan

y an_y t a y a y 0

i y
2 7 x ̅ Ax ̅ where A

in y's a a a

char egn detCA RI A an_ I t a a a 0

if roots are real distinct then A is diagonalizable that is an invertible motix P

st P AP I far D w̅ I'm



then the son of system is

ign THE Pette w̅ J I'm
e

t.ge

L IE

Cixi exit an

in this case

L um

mya ni y
1

I are the sons of x ̅ A x ̅

4 x ̅ i ti yn
look for the entries of first row

t

of fundamental matrix

an

EE
detLCH x'̅s 0 from systems

finny
fix ̅ in

so wronskin of y fz fn 0 y Tc yn is a linearly independent

so it constructs a set of fund son for higher order DE y any a y 0 F

so general Soh Iga Cafe cafe Cnfn Since

fi J a E.IIII.in
unient vment Unnent



so YH y eat ygent yn eat is the fundamental set of sehi

ex y 2g Ty O

ist way use systems

det A XI
1

g 2
22 2 3 0 X 3 Rti D 3 I real distinct

3 I Ju v2 o In ve so we span E

1 with 0 ve ve so we span t éᵗ I

so 4H x x ÉE so yga Get get get get

2ndway write char en

y Ly 3y 0

x2 2x 3 0 G 3 RH 0

so X 3 and 2 1 real distinct

g est y e't

so

Lg
Crest c e

t



Case complexRoots for Char Egn

if the IB is a complex root when R2 x ̅ α ip is also a not

and R and 122 produce sons of the form

except easinpt

Now by case I

the sons are since X Rz distinct

e
t e'tip t et eiβᵗ e't cospt isinpt

etat e'α IB t ext e Bt ext cospt isinpt

but we look for real sons

72
1 02

y
0
2 extcospt Re de 2

extsinpt In de

y Re di dren ᵗ
Cos Ima t

y In 101 Rent Sin Ima t

ex y they 0 solve

1stway R't 4N 0 Izi fi eᵗcos2t
L2 e sin at Tg cigit Czyz

2ndway using systems

y y xz 2 y 4g 4 1

Char ear det A XI 22 4 D X T2
y

2 2 I
KerCA2 I

2in ve D Y
v I x ̅ e ᵗw̅ e

iᵗ 6 i 9 coset is.net b i E
cos It b sinat E i cont E sinat t

Relx im x

LH in a gg c g age



ex y y y o

R 1 0 11,2 IF 21,2 IÉi

y e
t
cos Bht y e

ᵗ
sin flat

Yg C Y Cry

2ndway using system exercise

ex y t y

X 0 NH 0 X O X Fi

costet
y 1 22 cost y sint

gg ci.lt C2cost c sint

case III Repeated roots for char ears

Thm let X be a root for char en

defCA RI 1 x anA t a a ad 0 obtained from higher order

with alg A k then there has to be ONLY ONE Jordan Block

ie
ex

for the son of the system corresponding repeated eigenvalue

where the system is

est eat
t can

a8 exe
x ̅ x ̅

a o In

consider

only the

firstrow



Then the first row of Y t

I in the nitwit fi I fiiteydigi dzf is also a son happensbe of

g div.ie devil tett device which gives a tin indep sons st I

y divi deviz e devitte y e't ye text y text y the
C Y C2 L2

which is a fan set of solns for
II y t an_ y a y't aoy o

Remark consider 2 block J

i e 1 1 27
814

e me mate next

p

brings us ext ext text only two linearly indep sons but we need three

this case never happens for a system obtained from a higher order DE by them

ex y by't9g 0 719 1 y107 5

1stway X by 9 0 3 2 0 3 alg X 2

g é ye test yg.ae cite't

7107 1 C y 10 5 fig 3C e cze t su te't

5 3C a C2 8

yet e't 8té't



2ndway of sowing y t.gg
0 y 6 y107 5

x ̅ A x ̅ 16 x ̅ det A RI R 6 9 0 MCR 2

3 Ker A II

suturo span I

KerCA 3I 88 KerCA IY span t 9

choose w̅ HerCATTI

her A sI
06 b AAI w̅ 3

P 5 8 1 e't é5ᵗ

Flt Pest1 I set stette
sty

choose y é yz test yg ay age

Remark if Fip is repeated k times

then the real sons

eatcospt eatsinpt textcospt tentsinpt t eatcospt the e't sin Pt 2k solutions

ex y 2g y o 2 1 0 X CÑH NH O

1 X'A D

alg X i 2 6 P 1
X xi̅ X Fi

cost sinpt cospt tsinpt y
t c cost casint test cost cytsint

ex y y 0 x x2 0

e test R Ii It

yet t coast casint Get coet of It It



Solving Nonhomogenous Linear Higher Order ODE 29NisanPtt

N y
n
an y alt y attly glt y get N

H
y
n
an y alt y attly 0 2 y 0 H

Fger In Yp and we know how to solve H when a s are constant

and LCD D anCt D t get D q t D

for Yp N we'll see 3 techniques

undetermined coefficient method UCM works for some special get and

for DE with constant coefficient Ñ

reduction of order

variation of parameter crop

variable coefficient DEs N and for

any glt However they require the son of corresponding

hongns DE 2Cy 0 H

undetermined coefficient method

by using operator method

UCM is applicable when the coefficients of N y get are constants and g t is in a

special form St getE Class exp cos sin polynomials and their sums and products

ex get e
ᵗ etsint cost 1tt t Attte't cost

consider Ñ y get Ai constant 20 D an_4 D t t and t 9

II LCy 0 corresponding nom DE with Ai constant

gg Int TP
pot



to find Yp by operator Ucm method

Ñ LCy ICD y getwrite DE in operate form
II L y L D y 0

solve LCD 0 to find Yu

find 2 D st 21 Dget 0 ie get is a son for homDE dildly 0

then when the operator de is applied to Ñ D y get

2ND LLD y 0 nom DE find son y for this hom DE

identify particular son Yplt by deleting the terms in y which are common in Jn
then rest will be particular son Jp

ex y Ly't y et solve DE

2ndorder linear get et Class constantcoff UCM applicable to find yp

LCD D 20 1 D 1
2

Yn LCD y 0 0 1 24 0 char egn PCR x 1
2 0 The 1

yp D yp et set tell In c et catet

find CD St LaCDglt 0

glt et 2 1 PLA X 1 0 α CD D 1

checking part D 1 et et et et o L D D 1

find soln of following hem DE 21 D 2 4 2nd glt 0

D 1 D 1 y O D 1 y 0 char egn x 13 0 2 1 gelet tet Eet

yp t At'et A is undetermined coeff find A by subs yp t in Ñ D 1 Lp et

y'p yp et we know

Lg Int yg cieᵗ gteᵗ t eᵗ
Yp Atlet
Typ 2Atet Atlet
1 yp 2Aet catet Atlet

et A yp feet



ex find a linear hem DE with constant coff of the smallest orders so that

t cost e't eᵗcos2t are soln

for t t e ᵗ
0 R if it was t D dacoits

for test Ii 2 1

for e t 2 1 D

foretcosat 2 1721 2 1 72 G 1 2 4 D

so PLN 1T 4

LCD y D O 1 OH D21 4 y O

ex y 2y y 35in 5 cost linear constantcoeff gene loss UCM for Yp

Yn LCD y O 210 D 202 1 02 1

p x X 1 X Fi repeated 2 times cost sint cost tsint

yn
C cost casint Cytcost cytsint

Yp 2i D gex D gex 3sinx 5cos X Fi X 1 X 1 LeCD 02 1

L.COga 2110 222
0

02 1 02 1 y D PCN R 1 3 0 X Fi repeated 3 times

Hsint.to tsi t

tItetft3ypAt'cost Bt2sint is the form of yp where A B undetermined coeff

subs yp in y 2g y 3sinx Jcosx now find A B

Hyp
dy'p exercise

21gp then we get yp so 7g In yp
0 yp
1 yup



ex y by 4g 3e ᵗ 2sint LLD D 3D 4 0 4 DH get Class vener

yn D 4 0 1 y O solve

PLN X 4 XH D 1 4 2 1 e
t e't yu Get we't

Lp Li D glt 0

gut tt

Iip OIi Ii

so PCN x 2 22 1 2 D D 2 02 1

solve dildget 21 D 2 D y 0

D 2 02 1 0 4 0 1 y 0

It so yp Ae Boost Csint find AB C by subs in

y Gy 3e ᵗ 2sint

4 Lp Ae
ᵗ Boost Csint

3 yp 2Ae
ᵗ Bsint cost

1 yp UAe ᵗ Boost Csint

3e ᵗ 2sint cost 3 tsintt c

A 1 2 I B 3117 51A so this means

yep e cost I sint and we knew yn Get cze Jg In Yp

ex find the form of particular son for y 4y scosx é

Fn P X X 42 R X 4 0

2 0 2 72 1 e e
2 7

Lp 2 D g 0 947 1 3cos e
2

a Iii 2

PCR x2 22 1 2 2 2 D D 021 0 2 now findson to

2nd 2107g 0



D DH 0 2 D D 2 D 2 Y 0

Dte 0 2 0 2 y D

e e x e cost sinx e e e Lp Aix Az B cost Basinx Cxe

exercises find the form of fp for DE

DCD 1 y e sinx 1 Hint for 1 tag D

y 2g y 2g eᵗ t

8 4 57 2 045
i Cann

1 4
2

Reduction of Order for fp requires knowing one son of H DE corresponding to N

N y a A y attly get
H y att y 9041g 0

Let y be a son of H Assume fp felt U t Vlt unknown function

then subs Lp in N

Yp actyp aectly get

Yp y V Jp givt you yp y v 2yiu u subs

y v 2y u y u a givty u doyou get

v 2y any u y get you 2g ant g n get

at an an

g v't 2g antiyn v g t

go µ e
271g ye at v't 27 a 81 v 1 21 2

F



if µ es
2719 t dt then some first order linear

then obtain a by integrating Su Sr u Yp my

y Ty 1 some DE by reduction of order method if f t is a son to nom DE

Yp My ut subs in DE Jp 2tu Eu

Yp yp 1 Jp In Utu the

2n 4th t u the 1 t u 4th 1

µ v u the 4th 1 v't 1st order line

µ t es A e
ʰᵗ

t r St the a

It Ju't MY 414 Cz

yp was at so fp if you keep the constants it

gives you Wrogues son

if you erase it then rest yp

so if you keep all constants you end up with general son

we can say a specific Yp MHI

ex y t 2g y
e by reduction of order

is not pay class

we know constat coff cont and we can get In

yn 2 1 0 1 yp mine yp u'e t ne't

Fp n e
t 2n e't net subsin yp 2yp yp 8pct éᵗ that t

Lg In Lpe tu n n Mitt c say 4 0

M tultl t oz sayc
keep a 9 you get
In Get cate t



Variation of Parameter this is applicable for linear non Lom DE with variable

coefficients but we need to know son of the corresponding nom DE

N L y glt In Cry Czyet CnJn son of H then

H LCy O Yp malt fit Melt f t Mattyn

then subs yp t in N to find Mi's

first we'll consider

y pitly get y get

Yu caf.lt Eye t son for H

Yp t M A y t Meetly H son of N take derivative

yin iij.in gz uigi uigi
force main step to be Zero

g µ Tzu's 0

Yp t M y Mzy µ y May

subs yp t yp t and ypett in N Yp t Pltyp 9H yp g t

Miyi wig's my uzy.it pit v y veg get n g urge g t

M.CI gitfiltneltiItigt9fe nigituiyi get

because y fz are sons of H linger det 0 has a unique son

gin gini get

the way ge det yet

Yj matrix obtained from by changing 5th column

with RHS vector



Fans of VOP
CRAMERS RULE

ui iii.i.iy.ui find D

I 1Limitsini gets ui 55.5.4

note that

H
y 7pct May Metz

yet y 728 at g ft ft at

if you keep constants you will end up with general son

if you set them zero you will end up with particular soln

ex y 2g y by VOP

yn 2 1 ét te't yn get catet

Yp My µ y then egn of vop

e tu t tetu o e't te't µ

INe tu e't te't ui et GHe't ni

ni e

e it
1 Mi 1 µ tt

de'd

e't te t

e
ᵗ

e t GHe't

µ
Et eGet
e 2

e ᵗ

e
Me I u hit

Yp Mif McLz

yp te't hit test
88 8 Jp Gett cite't te't hit e

t

gg get cyte't teter It



ex y t y tant tant Class reduction oforder rep constantcoff find Ju

we'll solve by VOP

In I D X Fi Yu affter

Yp M cost NzSint

E I L some for ui.ie exercise

change ofvariable cos n

4 5 at did

Nz sint at t did

Yp Acost Bsint Yg Fut Jp

VOP for higher order DE

N y an y and y Oct y get

H y an y and y alt y 0

Yu c y cry t Cnyn Yi tin indp Soh H

assume yp M t y velt y Unit In

subs yp in N and make some assumptions as we did in 2nd order care force zero
to obtain corresp ears for VOPs

you fruit y un 0

gin gin ynun 0

21 jinni y un 0

y u y u y Dun get



ex y y y y e
ᵗ

solve vop

yn 23 N 1 D 2 18 2 1 Yp yp meet mate use't

Yu get catet get EE I Jf
ii E Get My

Ct

dety Get
1 Me

1
ne

mi et 2 1 Milt tettfe.tt did

uj Let v24 fett de

us fest yet fett dg

yp et Itet et e
yg yn yp

Abel's Identity for DE Thm

y ailtly aoltly 0

why ge gigi yay satisfy

was si

remark when DE is real valued then

Why fr is always either everywhere zero or always positive or always negative

at every tt I given interval


