



































































































































Quadratic Forms

dot product in IR our base field is IR sometimes C

x ̅ J EIR x ̅ x xn x.̅f x get xnyn

dot product

Rx in IR x ̅ j x ̅ I L F bilinear map

Lax ̅ bj E's a x ̅ É b j É

x ̅ Js f x ̅ symmetric

x ̅ 0 with equality iff 0 positive definite can be relaxed

Define QQ
quadraticform

a R IR for st acne AGE XÑ X É

xi̅j atty act aig simetri nerde

y exty x2 y 2xy 12 xy city xt̅y's x ̅ 22 Is Ljj
Q x x t x xn

Defn a quadratic form on R is a fn Q R IR st

a XI ROLE for Xe IR x ̅ EIR

Define x ̅ j aCÉtj QE QÉy polarization formula pos def x

symmetric cg symmetric bilinear form 1 1 onto

Tshow bilinear Lax'tbye É a ax ̅ bj É a artsy Q I

ace bcj.ES OLÉE QE OCI guenite
Oyu farmland icin unit sphereda






































































































































Q X norm of x ̅ standart norm 11 Fx
x'̅s

x ̅ I if LI.IS 0

Defn U V CIR subspaces

U 6 if it I 0 for it e U EE U orthogonality

K CIR vector space

kt x ̅ E R I x ̅ I I E K total orthogonal subspace

is a vector subspace of R
IR K Kt

Q is non singular if R
t

0

if 2 x ̅ IS 0 jEIR on verterre did ted vektor

Q is singular not non singular

ex we'll use IR x x2 Xs y non singular

out Pos of
if x ̅ 0

suppose EI 0 JEIR nonsingular

x ̅ é O

e 490,0 ez 10,1 0,0 x ̅ 0

LI Éz 2 0

ex IR x ̅ x x Xs Xs

Q x it I x O xx R QC

x y f arty ax Aly
xity Katya ty xz x g y y if eye toys






































































































































check if bilinear

ax by t ax by Z ant bye to ax by z

a it zzz x Z bly 2 fetz y Z

ALX t bag t bilinear so Q is a quadratic form on IR

O 10,010,1 0
but 0,0 0,1 0

for all x'̅ER Qu 70

0,0191 x x2 Xs Xs 0 x ̅ EIR so 0,010,1 ECR

so Q is not her singular Q is singular

ex R Qu it

x y a exty ax Aly

city oct22 t Esty xn tys xitxztx xp
yi gity y

if eye gy syn symmetric bilinear

10,010,1 I so Q is not pos def
check singularity

suppose xj̅ 0 y EIR

I 8 x ̅ 0 so a is non singular

for which vectors x ̅ is QQ 0 isotropic norm 0 or Qu 0

0 or xitxitxgidtxi xf ixi xi xiyoa.io

Konige Cde IR C has 3 components Effy
and it






































































































































if 01 7 1 the yaprol hiperbloid

QQ I it x2 x I ciftyopro.li hiperbolik ditten insas

Thm a non singular on IR KCR subspace

Then dink dine kt A proof exercise Iverses

Corollary IR K kt suppose 0 x'̅t K is not isotropic

then IR K kt

x ̅ E ka Kd X X QQ 0 x ̅ D

isomorphism l l onto

IR G IR O is a vector space isomorphism Q IR IR st

IR an
a a 009 a

commutes

Bu isomorphismin tersi de war 4 Q o et a

if there exist isomorphism then there is also automorphism
obieder Kendisine isomorphism

automorphism isomorphism of an object to itself

R a R a

4 R IR St 004 a

automorphism of any object form a group under composition

92,3

Aut x So 123 123 herbiri bir ket Aut x 0 id Aut x

Y Y E Auth X YE Aut x 9 E Autex

009 09 Goy 009 D






































































































































R G

Aut R Q 0 Q transpose carp identity

R Qc XP

x y if aye IR a R a 9 R Oo y a

9 A ad see thin I L I
antba Cx dxz

ana 4 Q yo korunch 400 Q

axit bxr ex dxz it

a x 522 Labxixe Ex d x Zexdxz x t

atc b d Lab 2ed x x2 it

as ca o
A.AT I 9 3 1
2 2

0 Ria 2
2 2 2 dimensional

Gran Matrix

4,7 Rx IR IR Q IR IR

pick an ordered basis for IR

éi éz En

Lei ej Gig G Gig gram matrix

x t t then ie

grousymie
y g et t tyre Σyjej

IS L Éxiti E die 4 Éxiy






































































































































ex R n 2 a en ez

Gij Lei ejs

I If g

t.o.y ca.us J1

c.nl
Gin f t 612 Let 2621L 2 Gaye 1 1

Orthonormal Basis an orthonormal basis for IR is a basis In St

Lei ej 0 if it

Lei ej it o if i j 1 our cinke xi xi de quadratic form

there exist an orthonormal basis for R Q

Pf if 9 0 any basis is orthonormal 0 0 do quadratic form

if a 0 pick eek st olé cen e It

use induction to find an orthonormal basis for IR e

IR Re Re

Ez in et e

j.ir diagenuzeyapiyoruz

the number of 1 s 0 s 1s are independent of the orthonormal basis

see proof in iversen






































































































































G is non singular iff O's on diagonal is 0

R singular 5,3
Otane you

ei ei es es standart basis 6 1 1 tt
stone

IR Q xitxi x 6 1 11_ readpropt.lt iversen

113

Prop 1.11 A non singular 5 0 a has det It

0 RER
ay

a 50 a re Oca deto 1
special orthogonal group

Oca 5010 2 index
if all 1 s no tero pos

def

Sylvester Types of all Is nozero neg
def

R Q 6 has sylvestertype CP 9

447 ptq r n

if 0s is O if a is non singular det G C 1
P

O is pos def if Q x ̅ 0 for x ̅ 0 IR euclidean space

G is neg def if 01 720 for x ̅ 0

pos neg def non singular

Tself note observe that two quadratic forms E Q and f R

with dime dim f of equal Sylvester types are isomorphic

Dimension Formula for subspaces U and U of the finite dimensional vector space

I we have dim Uto dimU dimb dim Uno

Pfapply Grassman dim formula f U U E f un u u observe tier if






































































































































Lecture Note 22.07

Recall Q R IR
Q 2x Q x

q a sit says duty QQ ay is bilinear

2 IR IR IR symmetric bilinear QQ 2 1 7

ex Q R IR quad form

QQ y t x t2y 5z 2xy 4 7 8yt G Lei ej Gi 6

let ei ez l be standart basis of 1R X y XTGy É 2 Gi if

Gram matrix

LLe e Q ee 01110,0 1

Lez ez Oler Q 0,110 2

Leg e Q e Q 0,0 e 5

Le ez Q 1 1,0 011,010 010,40 5 1 2 1

Le e ace 0,1 Q 110,0 Q 90,1 2 1 5 2

Lez e 010,1 1 010,110 0190,1 f 15 2 5 4

6 If diagonal lar

kosedexylytlxtkatsoyilamnyarsisimetrikdagit.de
G 1 2 12 35 det G 0 Q is non singular

2 147 0 yER x ̅ O
check xyz 6 GUY 7






































































































































Sylvester Criteria matrise bakara pos def neg def antama

remember Q R IR quad form pos def if 01 7 0 x 0

neg def if QQ 40 x 0

postneg def non singular

M an symmetric over R

Wi detMi Mi top left piece of
M so Koseder 1 1 2 2 n n be

M pes def iff all Wiso Mneg def iff
wt Ws v5
WLWy W 6 70

note a pos def iff a negdef
W2 4,6 agree Kawyer Wiss isaret desisinger neg def bakarker

matrisi A ill harpinca isaret desisinger

W 1 0 W 3520
W I 170 so Q is neither pos def her negdef

E
hot this sec of det

a has SylvesterType 1,2 eleme olmodon orthonormal basis but aciela

norm 0 pick a vector norm It boyut 3 2 use induction

Q e 1 f e

Rf EIR I x f 0

a eT azey ages 2 1,7 0 a he e azhez e takes e
a taz La 0

Rf are azertage ER antaz day 0

all 1,1 14 Choose for e testes then oct 2 1 Rf

Rf IR f2 are azez tases E R I a taz 2a 0 artas 0

Q 3 1,1 10 choose f se ectes acts I fifels gram






































































































































Discriminant Inequality let EQ be a nonsingular quadratic form of Sylvester

type C P9 For any basis e en for E we have

EhE es C 1
P

Question if trace is zero then any 2 2 matrices have

det A A A benerke a

Euclidean Vector Spaces

R Q posdef a vector x ̅ in E has length

151 Fx grammatrix of Q wrt any orthonormal basis 1

we know x y x y xzyz t

so 4 1 7 it it h
euclidean vector space is finite dimensional real vector space equipped with pos defquo

Cauchy Schwart 12 17 1 151.151
this is if x y linearly independet

ff trivial if x and y are linearly dependent

if linearly independent they span Euclidean plane and we get from
discriminant inequality Sylvester type C P 9 for any basis er en

we had sign deti Lei ej 1 1
P

so with this we get

det
49 3

Lyx Tyy

ity 2 2 G f 0






































































































































Triangle inequality 1751 1 1 151 also cosa

this is if x and y are linearly independent

of look at Ixt̅jl 1 1 1712 21 1141 2 2x y 1 1171

we know x y lallyl
x y 1 11yl 0

22 177 21 141 0

224g 211141 21 1121 21 1141

211171

what is 11 51
we said that the cosch Q can be written as x yII 151

Reflection in a linear hyperplane H with unit normal vector At R

TCI x ̅ 2 x ̅ I T det T

and x ̅ ñ III cos s the projection of x ̅ along

II'nt vector
It

is the product of
at most n reflections

012 in 1R Pick an orthonormal
basis i j and let 6E0 2

act as

Tci cos ai sin a j
9 OCT is one of the unit

vectors perpendicular t to

Oli

i j ye did proof
nosi TCI IC Sinai cosa j

one gives rotation other reflection






































































































































I B IR linear transformation TCI x ̅ 22 x ̅ ñ

1 Talxty Xty 22 4 n n 2 T Xx Rx 22min n

RX 22 axin n
xty 2 axins ay.no n

x 224mn
x 224mn y 22y.mn XTnLx

TLx TLY

what happens if Tn Tn x

Tn Tn x Tn x 224mn

X 224mn 2 2 22 17 n n

x 224mn 2 an 24ns ants n
kendisine dorsin

244mn 24in g Ic

invention 2 here at

what about Tn n

Thin n 22min n

n 2n n Tn id

Tn geometrically Tn is the reflection in the hyperplane passing through

y if the origin and having unit normal n

I
p

Pick a basis fz _In for Rn
ñ

met fi n then If fzi _In is a basis for R
Tn x

2 17 0
Tn

dim Irn In Rn 0
det Tn 1

OCR 9 Ocn orthogonal group RIIR
at a 009 0

R






































































































































an element r E Ocn is the product of at most a reflections

det o 51 1

5 product of 5 product of odd
even of reft of reflections
only only

SON r eOcn det 5 1 special orth

subgroup of O n

0in 50in 2 506 Δ Ocn

5 EIR I 1 1 1 unit sphere

0cal and so n act on 5

TEON E 5 1

GW 1 Q 01 1 so ONE 5

O n 5 5

5 x n r x id x x Oln acts on s

OT x O TLA

there is 0 On St TCI

Group Action a group action G acts on a set from the left

if there is a map GxX X

ga g x stex X g 4 gchx
6 Sym X group homomorphism

0 n so n acts on 5 transitevey vx.ge s o É st

o x 5 x ̅ I






































































































































Euclidean Plane 1R QQ y ty
i J unitvector orthonormal basis

Li is 25,52 1 but Li js D i j es t i es

Jlet JEO 2
Tci 0 ti.is o

Tci Cosdi sind j
i unitvectorperp

to Olij I C sin a it cost5
i.gg

sign

Coso since since

cos
det l r

coso

IE I m

r.tt f oigin tank

5012 rotation about origin Ta Ta Total
5012 IR LIZ quotient group

E S mod21T circle group
an 063 det I alarsh

1R Guy z X y z O E SO 3 is a rotation

iota birim matrix

detco 1 t det Lt o

characteristic polynomial

at 1 L.EEiiE.kautazztass

t det ct o has a real root

pick O é with the he let locell Intel

if detco 1 Lt t 1 101 1 fight no a D Tle e






































































































































take 2 IRE IR 2 2d

dim α 2 pick an orthonormal basis f g for 22

4 i

t one real two complex conjugate eigenvalues

Lorentz Group R Q has SylvesterType 1,1

Q x nm xi it it 6 1 1 detG I

S ExeR I 2 1 7 1 hyperboloid

n O no line

nil QQ y X y 1 n 2 Aug.z x2 y z S x2 y E I

g t y

LIomponents

hyperboloid y A
hyperboloid of two sheets

prop 2.3 Q be quod form on IR for REIRA

OLD acts transiterely on EIR QQ R

Pf pick yER QQ Qly R

L x y Xty Lxix Lays Ly x Cy y R R 0

this means we can NOT have Guty and Q x y D at the same time

Ay x y

2 1 7 axty y fatty x p fax y xty x y x y

0






































































































































we found Quty and Q x y can NOT be zero at the same time

case I Q x y O

T reflection along if TW 2 n

Tex y y x reflection l e gotorspor

Texty x y 2,412 ex y x y

so Thx g y x Texty Xty TCU Zy TLD y

case II Gaty 0

P reflection along xty Ocn P x 2 If 4 7

Pexg x y 2 IT exty x y

PCxty x y

so P x ytxty 2g PW y Tyo Pix y
back to Lorentz Group

IR QQ na xp it

5 E R 2x 1 hyperboloid of 2sheets 010 acts transitively on S

let x.ee ES 12am 7,1 if a tin indep

Discriminant Lemma let R be a plane RC IR generatedby x y tin indep

Δ Lxx y y 2x.gs det ofGramMatrix

sylvestertype
let ECR be a subspace with
Sylvester type C n O

pick 0 E ENR QUKO so dime n ECR RCR din R 2
Ralways contain nonzerovector with f norm

mR dim Etr dim EMR
R to to 1 20 nH 1

D 0 DO Δ70






































































































































Prop AAA S xp n it 1 has two connected components

let u S are in the same connected component if f Lx Ms 0

n 2 1R Olay t yttz S x y z 1 x ty z asimplet

Ex U7 70
m

LX.US 20

041
stereographic Projection D Jit






































































































































BOOK NOTES
Recall an orthogonal transformation has det It It follows that

the special orthogonal group

so n re on I deto 1 has index 2 in Ocn

we have seen that n operates transitively on the sphere

Scn een I let 1

how does son acts transitively on Scn dim A 22

Euclidean Plane 1R Oxy y

Assume dim a 2

An orthogonal transformation of E with det 1 called rotation

we said Tci icosa jsino

and since i is orthogonal to J these are the two chances of 5 matrices

Coso since coso sino
ROTATION

sing cosa sing cos a
REFLECTION

det 0 det 0

the Gci and O j addition formulas for trigo fns that the matrix

with det 1 defines an isomorphism between the circle group

Lemma let 5 E E be an endomorphism of a finite dimensional real

vector space E subspace R CE of dim 1 or 2 stable under 5

Pf complexification of 5

we know Eg I I turn this into vector space over through convention

xtiy e f xe gf xftye x y Elr eif EE

how did this happen






































































































































identify EEE with e f et if with Ce e Eq

xtig exit e ixf ige yf
e yf i xftye xe yf if ye how happened

introduce the linear endomorphism Tc If Eq by
Te etf 5 e is f

fromfund thm of algebra we see 5 has an eigenvalue atib

a non trivial eigenvector etif with R satisfy Tle is f Catib et if

Thm let 5 be an orthogonal transformation of the Euclidean vector space

I of dimension n a decomposition of E into an orthogonal sum of
lines and planes stable under 5

Pf with the lemma above we find linear subspace RCE of dim for 2

stable under 5 It follows Rt is stable under 5 as well Pf is about dime






































































































































Parabolic Forms

a finite dim vector space over IR with positive quadratic form a 85 0

Cauchy Schwarz Inequality 2x y Lxix Cy y

pf write in det form
get

its it 0 ax.gs Ly x7

Lyix72yy7x2 y2 2xy G g
trivial when x and y are linearly dependent

when X and y lin independent we get from Gram matrix that the

sign of det is unchanged if we replace x and y by orthonormal basis

for the plane they span

Corollary let X O be positive quadratic form A vector xE̅X

is isotropic iff ext ie LIF 0 xeX degru yozam me

x O is parabolic if Q is positive and the space is of dimension 1

the isotropic line is invariant under the orthogonal transformations

it follows we have a morphism of groups

M O x

where the multiplier MCO IR denotes the eigenvalue of 5 O X

on the isotropic line This tells us to introduce a subgroup of O of index 2

0,4 re ON 1 Mco So

observe that the antipodal map I to belongs to centre of O

and that µ E 1 This defines a decomposition of the orthagonal group O

of a parabolic space X O x Op x 2 2






































































































































The line at infinity parabolic setting useful for Euclidean Geometry

Let E be Euclidean space of dimension m and consider the following

bilinear form on I IR

L Xia y b x y x y EE a be R

it can be easily seen as parabolic The isotropic line is generated by
the vector 0,1 and is called the line at infinity Now use innerproduct

on X to introduce the evaluation map ea x C y says C YEE CE

the evaluation map identifies with the space of affine functions on






































































































































24.07 Lecture Notes

Stereographic Projection

4 S IN IR homeomorphism 1 1 ontoN 10,1

a.PE 9o Yo21
GLxo.to

Mnp
To 1

NP y 1 mix 0 y 1

Q PNA x axis y o 1 8 0 1 10

Y x f Eye

other direction Y Y id 4 4 ids any
4 IR SIGN Q x O

Mna ON g 1 x 0

QN
yED y

x y 1 2 1 1 D

g

f
a I ES SM






































































































































for hyperboloid IR QQ git x2y't z 5 x2 y 22 1

Ht Sn 52707

H 5 52202

D ATA EIR 2 0 2 8 1

ii

x y Z xz.ge 22 Axe Life tizz

noktay vector gor L x y t 0,0 1 z

PoQ Q Po t Po then Poa n 2 0 Q Pot Po Po 0

Solve t.LA PoPo Po Po 0

L
t 20 Po 2sep

I 0

so t
t Lap 29,807 1 112

P Q Po
1 go.pe

PO OR P
Q Po 29 Po 1917 C z 0,0 1

1 29 Po 1 C z

0 1 917 Po 10,0 1 p if'z 1 71 0

Po Q Z

area t E III
Htand it are homeomorphic to D S if has 2 connected comp

a Lorentz Transformation is an
eÉnÉÉ

0 IR't a st o Ht at

c OUR a III
T acts on S x y oct1 acyl

IT It S 2 1 7 1 S S homeomorphism






































































































































ex T IR IR antipodal map TE OCR't Q

T Ht H TCH HT

lorentz transformations form a group under composition

Lor IR a CO Rta

OR a I Lor R a 2 2

if.tt id totes id

OCR a Lorca a 2

Pick a vector CE R't with CICS 1 norm 1 hiperboloid norm I teeyardhipeb

reflection along C TCU 22727C TH 2

I
T E OCR't a

Claim Tc is a Lorentz Transformation for Hᵗ Ht H I

pick XES we must show that and Tex lie in the same component of S

LX TC x 2 Lx C C

L x X 2 4C x C 1 2 x C
2 0

det Tc 1 reflection

so Lorett Transformation can have det F1

fort IR a redor IR a I deto L even special for Trnsf

do R a fortant 9 2

IR Q ago Kouga
21

Lor IR't G det It comperentlori longer
2

LortIR't G det l ist component Kruger






































































































































R bosis e f ele 1 Lf f Leif D 9 6

xettfesiffcxettf.ae tf 1

x2 2 1 hiperbel

investigate Lorentz Transformations

t.infgfff
fcel suppose rehorch a

Tce e lie on same branch

coss sins
sinh 25 null area 512

IT

cosh exte 2 12 12

cosh x sinh 1

Tce cosh 5 et sinks f Lolf r f 1 R m

5 f Xe µf Loce a f 0 coshs µ sinus

5H I sinus e cons f
det 1 sign

sign t
T f

s sinnes

sinh s coshes
I detco 1

LLS LLt 2 Stt proofα Stt L s LCH

21s α
s sinus sht sinnet

sinna conc

ˢᵗ assets

sinh s coshes ssett asst Ssstt Csct

215 LLt cosh Stt sinh Stt

Cosh xty coshx coshy sinux sinky sinh Stt cosncstt

LCSttsinh xty sinnx coshy coshxsinky






































































































































sign Jf sinus e coshs f

g
05h s sinus

eigenvalues F1

sinh s coshes
detco 1 trco 0 reflection

e sign off matrix hotdet 1 sign
tort R Q IR

Thm Any T E Lor IR't a is the product of at most ntl reflections of the form Tc 2C

1
Mobius Transformations

E Euclidean Vector Space dim E n C 0 n 1yd stare 1 var

C sphere with center c radius r 70

C EE OK c r

inversion in the sphere C J E Sc E Sc IR

a s
Mob ctr or re

ex C O r t

inversion iai desina des icine

xy 10kg I
t not id but id

r X

T Gg
d I COC y r is an involution

Mou O
if EC then TC kinesin ostonde Kolator ethicenniger involution

É 1 pt compactification É EvSN T
Eg

with a suitable topology opencloseset on E J is homeomorphism J 1
8



HCE affine hyperplane affine originder gearer Zorunda desil dener

HP

p
J reflection in H Horijinder geometse linear desil

so 5 is involution homeomorphism
inversion in a Euclidean

euclidean sphere
sphere

sphere in É inversion in a sphere inÉ
affinehyperplane
in E 107 reft alonghyperplane

Homeo É is a group under composition

Mob E is the subgroup of Homes É gen by inversions in spheres in É

EER euclidean

µJb E
HomedE

E IR dim EDR nt2 e fee as cider

L e a b f c d Leif ad be

R L a b ad ad tbc Q 1,1 L 1,1

Rx
ᵈ

Cais ERI 2Cais un 0 for E R Q I Moble

Cats D Tc age I inversions in sphere in É

X2 1 1 E Rx odd even Mobius to y

Q x2 2 21 2
261 1 e 1 ish grammatrix

1 1 1


