





















MT 2 Subjects 29.07 Patartesi

Metric Spaces

1 0 3 dlx.gl 0 dlxiy 0iffx y
2 d X x x IR 4 day dly x

5 dex2 day dly z z

x d ana d yi formosan do our

Defn 4,7 metric spaces f Y isometry if f is bijective and

dy fix fly dx x y dx i yamara geek yet

if E X
isometry form a group under composition 150m x

is

R diag 1 71 Fa isometry idiot
Proposition an isometry 5 IR IR is either translation x a or reflection b x

b
no feet big is 4 x

ff let T be the reflection or translation which agrees with T at 0 or 1

riotous
Claim T Suppose CE IR

a 06 ru r6 St TO TO
GET511 5107 1 T 1 56 1

TIX J O
TW 5 o d occ a d ra 06 do o
Tco TO To TCO d Tcc TCO d TCC a

1 Tco 1 The 510 1 JU
9 i 74511

translation reflection a is the midpoint of JC T.ge
b

as
contradiction



Isom IR is gen by translations and I X

fix b x reflection ref 4 b

b g x

Trans IR C Isom IR is a subj

I fog x altar Trans IR IR
under

fornormality Isom IR Trans IR 2 2 150m IR is the semi direct product of
IR and 212

2112 is isometric to 84 a Oct x

Defn AA J E IR is interval open close metric space

A curve 8 J X is a geodesic if each pt CE J has a neighbor hood

U C J s.t.tl U is a distance preserving

ex S X y is not coordinate product
cost sint

ft coss Sint y

8 Define d S'xs IR
dexy α 0 I

I IR
8 IR s
t cost sint is a geodesic

ex devant

if sit IT then s t

is locally distance preserving

lemma ME J IR open interval

8 J IR is a geodesic with 8cm 0 then E E 5th 1 sit t t m

t.hn
If you desistine yok geodesicte

841 842 but t t te



R Q x t txt

proposition a geodesic curve 8 IR E has the form 84 et t le where

EE and EEE let 1

Eleuclidean space ise geodesicler
r
dogro our

t s IR r t Ir Sl Is ti

r

f fes 84
184 841 801 8511 res real

locally distance preserving
natator s ye transfer over

E R euclidean vector space Isometries of E

it affine in 1 ñ2H
hyperplane

TW TW 22x.mn reflection along H

H perpendicularly bisects the line segment TIX

E E dexA d x B

H

lemma A Ap and B Bp of points of E St d Ai Aj d Bi Bj

then isometry o of E composed of at most p reflections St J Ai B
pf induction

P 1 A B T A D TH B A A B use r id
H T TH

suppose an isometry p composed of p 1 reflections sit PAi Bi i 1 f

case 1 p Ap Bp take 5 P
1E.ir

case2 PLAP Bp dlp Ap Bi d p Ap PCA

d Ap Ai d Bp Bi



Bi take T TH P

B TCA TH PCA TH Bi Bi i t P 1
BI FLAP

J Ap T PCAP Bp
Bi iest p i
H

Bir Bp1 is line on H n boyutlysa ntt reflection

Euclidean simplex E IR

Ao An of points of E ER NOT contained in an affine hyperplane 1

n 1 s E ER Ao A A to 0 non zero vector

Ao

1 2
a a

Ar Ao Az A tin indep

ns
IE A Ao Az Ao Ag Ao lin indep

a

Ao An form a Euclidean Simplex in E E IR iff A Ao An Ao are lin indep

lemma Ao An euclidean simplex if two isometries X.BE E agree

on Ao _An then P

pf r p α is identity

suppose a PEE st TCP P need contradiction

d TCP Ai d TCP TCA Ai β Ai B Ai Ai

d P Ai

po TCP for i o n contr

Ao A bulunmayood dedik ana bulunyorlar



Corollary T isometry fixes an affine hyperplane K pointwise then either g id or T T

CPL

Them βElsom R then β can be written as the product of ntl reflections

n I ftp or a en fatla 2 reft olarazyotabiu.in diger thm

Fy b x f2 bz x fiefz x b b2 x bi bz bi bz a

herételene 2 reflection composition Seklinde yazilabiliger

Pf pice a Euclidean Simplex Ao An use lemma TLA Bi to produce T

composed of nH refl St TCA BCA Ai Ai β βAi

Then T B

isometrier reflectionia tarafinder generate editiger

CEE Te x xte translation

Translations form a subgroup TLE C Isom E TIE Effff Te Tf Tetf
p Elsom E plo e

her isometrigi

P Te o o TE Oce orthogonal transformation

5 P linearization

Isom E TCE I OCE

1 subg otelene subgroup izemetri iande normal quotienti da OLE



Spheres

F R Euclidean

S F 5 EF I 44 7 11

P Q ES 2p as Ip at
metan norman kaneko

18,071 1,1 cos d p a p or d P a 0 IT

spherical distancea

d PQ 7,0 D iff P Q innerproct 1 IT 2T
idlpia

p
dlp a do P trigineque but will prove later

Defn AE S a tangent vector to S at A is a vector TE f with LT A 0 TLA

TA S vector space of tangent vectors to s at A
UT

Sylvester type 0,1 1
T oil 0in

TACS IR A F LRA R A

EE5
Eft

sint P
tone l

i I

P cost i sint unit tangent vector to the Pt on St
ider bask jdergit

Lemma A B Pt in S Aunit tangent vector M to s at A can be chosen St

B Cosd A B A Sind A B M Aidan Blye nasigitue format

Pf suppose A B lin indep let ME Ta S In 1 ME Plane span by A B
teset way bogut n kereyi dialencekes 1 boyuthcember



5
B x.Aty.tl MERITEDis

LB.BS 1 LXAtyM XAtyU

y cost sint formitine geliger

choose SE IIT St B COSSA sins M Assume WCOG SE 0 it

IÉ then d AIB A

LA Cosa sink coss S d A B

AB tin inder B A 5 0 B take any a

let A B C be pt on sphere lin indep

a d D C ECoin B Cosc A sincM
a b d A C eOT C CosbA sins I

c d A B c ont
COS 2M 6

think α as classicangle of triangle
spherical triangle

Cosinerelation cosa Cosbcos C sin b sine cos α

LA A D A A'A COSCLAIA sine Aim

A C A C CescLAC sincLC.MS

LA A SINCLAIMS LAA Sinc A M

AC sin CIM cosb.LAA7tsinbLA 6 since Cosb Aim sinb M 67

LA A SINCLAM

AQ su.ee

AA CBA

Simba 6 sing sing an e

sinbsine
A'A Aim

AC B C

Cosc
sinusine Cosa loss cosal



cosa Cosbcosc Mclaren series

1 1 E e E cosa b c

COS b C a b tc 2 be cosa

if A B C not lin indep

D Cosa cosbase sinbsinc cos b c cos c b
or

A c a it Cosa cosbose sinbsine cosebtc B f
btc

Triangle Inequality say A B C tin indep 0,1T cost 1

cosa cosbcase cosa sinssince

Lcosbcosc sinbsine

cos b c cos c b

if csb a c b atb c

b a b c at y
is trivial

permutation Pf

A D C lin dep

B β β spherical distance is aA

co
β T B between A C g

metric on 51

mF ci
d AD da c d C B

triangle triangle

P the two metrics P 91 and d PQ

1 on S define the same topology
IP01

a 2
IP 912 1 1 2052

ital EI Forma
look at 2 2cos for graph 2 2cos



proposition 8 IR 5 geodesic

t A cost T Sint AE S Pt

T unit tangent vector to s at A

Iii

Ir t Ir Sl 15 t

derer t d r s d 8257 84 861 815 84 are lin indep

f e s St da A dcpi.gg
semical distance metric

iff IA Aj Bi Bil
Then T composed of at most p hyperplane reflections St J Ai Bi

f
5 Tum any 5 Elsom s can be obtained from restrictions

go1
of an element of O nti to s

1H
orthogonal group Sri keror

Isom Sn O NH OCR't

Isom S 0 2 IR 2T Z

s
31.07 Garsamba

Hyperbolic Spaces 2d Hyperbolic Plane

F IR Q n d SCF XEF L

H the sheet with 170

P Q E H Pia 1 ftp.Q 21 PQ ES F are in same sheet iff PQ 70

cosh d PQ PQ d H xH IR d PQ 70

d PQ O iff P Q l iff P Q
d PQ d QP Simetric



0 x2y 72 1
Q Xx Ryo Rto x2yd to

PixoToto
x x y E L 22 1 a 1

cosh x cosh x
e te

2

Triangle Inequality A B C E H d AB d A c d B C sharp if lin indep

Pf a d B c b da c c d AB assume A B C din ind

R A B C dimR 3
R Rt n tone I Atone 1

1s 1,1 4 2.0
nonsingular

1 cosha cons c 2 2 tone I var

Δ cosha1 loshc b

cosuscoshe 1 a

D 1 1 costic cosha cosha coshbeesne coshb coshacoshe coshb

1 cosh'a cosh's cosmic 2coshacoshbcoshc

cosh's 1 costic 1 coshbcoshc cosha

remember cosh x sinh x 1

sinh'ssintic coshb coshe cosha

cosha coshbcoshctsinhbsi.nuc coshbcoshc coshatsinhbsi.nuc

remember cos Fy coshxcoshy I sinuxsinny

p
p at2

am

cosha cosh b c cosh Ctb cosha

remember cosh x coshy 2 sin XI sin

4 sinh
c
sinh Et sin aft sinh a Δ 4sinh p sinh p a sinh pb sinhp



LIP sinh p a sinh p b sinh p c ago p
at

so

SylType 11 detso

if cya c b then p cro

p
5 9 P b c so

then atb C 2 P C 0 chats

so d PQ defines a metric on H

Defn AE a tangent vector to H at A is a TEF s.t.LA T 0

TACH IR A is the tangent space to H at a

note F so TACH syn type C no dimTACH n

negative definite

tegetnektirleinnkendile.ge inner production negative i Xn

if LT T 1 then T is a unit tangent vector

Lemma A B E H it's possible to choose a unit tangent vector META H St

B A coshd A B M sinh d A B caberle Korey de eaberle

Pf if A B pick any unit tangent vector ME TACH
norm

suppose A B R LAB has Sylv Type 1,1 discriminant lemma 1,1 01
R B A IR A dim IRA 1 1,0

0,1 110

pick MLA LM M 1 MER

SAM form an orthonormal basis for R D X A y.tl

1 B B A 2 y A 72M x y 1 hiperbolustonde

coshs sinus
B A coshs M sinus s herhangi bir paramete 570

0221135



coshdLAB AB coshs S d A B

B Acoshd A B µ sinh d AB inertadan diger nektaya nasal geneim

geodesics

8 R H 84 Acosht Tsinnt AEH A 810
8110 TETACAN 2T

Kirede global parametrizosyon korunmoyer ana hiperbolde kenruger euclidde de brungor

28 t 8 s LA cosht Tsinnt Acoshst T coshs

cosht coshs sinnt sinus

assume t s Cos t s

cosh d 841 8151 284 8151

d 8157 8 t It s

note geodesics are globally distance preserving

hyperbolic line image of a geodesic curve

through two distinct pts in H there passes a unique hyp line

isometries

for F TEO F ITCH OCF Lor f 2

for f is generated by Lorentz reflections in 2,4 I
Thm an isometry βElsom Hn is induced by a Lorentz Transformation of F

meaning Isom Hn for f metric tanimla

Poincaré Disk Model Stereographic Projection model no 0,1

E IR euclidean Oin f E IR Aia B b LABS ab

L
has flu Type C n

H A a EF CA A 92 1 antist
Yoprak



A a EF CA A 92 1 a
ust Yoprak

D AEE I 2A A 21

f D H f p
2P 1 PiP

1 app
stereographic proj with center 0 1

cash d P Q 1 2 IP 012
1 1012 1 1912

P D this defines a metric on D

it is known as Poincare's Disk

Coshd PQ
2P ALP P 20 it can

1 1712 1 1012

up map
4299 th PiP a a Pip a a

1 Pip 1 29,9 22Pa P a 1 P P 9 a PiP a a

We'll continue from Anderson book

H ZEE 11min50

circle
a

hyperbolic line in n
euclidean line x axis o p

euclidean circle x axis

proposition p q 1H P 9 there posses a unique hyperbolic line through p and q

Relp Re q Relp Reca

p

I
9



ex write down equations of the hyp lines equations

a 1 21 1 7 answer 1 Mpa If 7 2 Mmo

me
3 E 2 y 2 xb i Itsi

D Mo n x axis 2 1 x so 0 E 0

r E 211012 lpg zeal 2
5
Incz so

dipo

Defn two hyperbolic lines e e are parallel if ene

Them l.CH hyperbolic line PEH P l then there are infinitely many lines

through p parallel to l

f any QE A B

and
05.08.2024 Anderson Springer

1H 2c I 1m z 0 upperhalfplane

1.2 Riemann Sphere CT 1 1 onto Ster Prog

Q netta N ye yoelastica projection 121 0

t
5219N C 1 1 onto

I 00 pt at infinity apt compactification

ZEE ZEE Me 7 WEE Iw 712 E

ESO

2 D E WEE I IWISE U a

Offs



a subset CCT is open if for any ZEX Ex 0 sit Me C X

CCT is closed if IIX is open

Sonsutun etrafinda n hood almad

1 CT are open

2 if MiCCI are open then Uni is open

3 if M Mn CCT are open Mi is open in I

H CC is open CCT is open if CIC isopen then X is open in CT

ex S unit circle is closed in CT Il S M O UM D is open

Kapan ve Sind ise deki her say I de de Kapan Karan in C Kapan in E

CT one pt compactification arastir

topological space

2n n sequence in CT Zn converges to 2ECT if E 0 there is an N

st n N In UE 7 him In Z

lin i 0 lin n 2in D agrimgot

CE x ̅ 2ECT MELZ NX E 0 closure of x in I

x ̅ Y ycfypsasanerkiciekapahk.me x ̅ is always closed in CT

ex IRCCT IR IRU.E.tl sensua n hood IRg Kesiger I R
is the boundary at infinity of 1H

IRVIN



circle in CT ini boyuth euclidean space

either a euclidean circle in
OR

euclidean line in V50 I
L

I is the closure of L in CT

equations of circles and lines

axtby C O a b 010 line
write in coordinates

x x1 y yo r circle

2 if E x if

21 y 22

Ie a IE b II c 0
y

ma

2 E C O

F F BE BE 8 0 PEC β O VER

circle t y 2 0 2 joy y r 0

x y 1212 Z E

Z E BE BE 8 0 α VER PEG α O

f I is CONTINUOUS if for every open CCT f m CCT is open

ex J I I
2 if 240,0 is CONT proof exercise f Z cont

818 must 0 0

Jo J id So J is its own inverse J l l onto invertible cont J involution

J 1 1 1 onto cont htmeomorphism

random polynomial g t 92 9,2 t an

g II g is cont
homi

orphism off n l oman
a P in



Hom CT f I I f is homeomorphism id f of homeomorph

is a groupunder composition if f homeo f homeo

1.3 Springer Anderson Boundary at Infinity of 1H TR

A a circle in CT I CIA has two CONNECTET component

111111 a disk in CT is a connected comperet of the

I complement of a circle in CT ex

d
Mobius Transformations

contful nodifferee

everycircle in CT determines two disjoint disks in CI

every disk in CT determines a unique circle in CT its boundary

H a disk in CT Kear bin degro whose boundary is
I

R boundary at infinity of H

to Poincare disk sounds kicitor sensuza grittier

CH a subset xn̅R boundary at infinity of X

Boundary at infinity of Hyperbolic Lines
3

ex 3 n H SZEG1 Rect 3 1mA 70

5 1053,0 en

Enr 53,0 88
ex é evse.us

In R 51,4

all hyperbolic lines has two endpts at infinity

ex l 1 870 has endpts at infinity 1,0



ex write the eqn of the hyperbolic line with endpoints at infinity 2,8

realize it's circle Center 8 midpt 5 radius

5 y 9 g 0 Of 12 51 3 both answers ok

li.la parallel 6
virtparalee

xn̅R he 12 Does not have intersection at thept at infinity

EE E.EE E
µ

12CAFÉ PIERRE
NOTULTRARAALLEL xN̅R
but parallel but parallel

two parallel lines l l2 in 1H are called ULTRAPARALLEL if l and 12

have no end pts at infinity in common

li la two lines in 1H
check parallel before checking ultraparallel

not a
Fraud

Notparallel NOTultraparo
ultrapatallel Yotultraparallel DEME

ex
l la are parallel but not ultraparallel

1 3

endpts of 110 sensuada Ortae rotta var gizder NOTultraparallel
endpts of 3 3,0



Proposition pe geth there is a unique hyperbolic line passing through

P and which having q as an end pt at infinity t.IE g
of this

if
the lines
hyperbolic 15in

9 0 9
9 1R 9 ReCp 9th q Relp

exercise Anderson 1.18 sonu

circle in
circle in

line in a so everyhyp line is contained in a unique circle in

Home
c Ember

sembere gitinen circle preserving

f Home E I f A is a circle in if A is a circle in TC

id Homeo I Homeo E is closed under composition

we donot yet know Homeo TC is a group under composition it is though

E kine Riemann

Proposition f I f Home E
2 at be a be 6 a o f E Homeo c

0

f 7
ᵗ Z

Pf a reid rso OER

az

r.EEggnr.eio.z
azFanslatien

by b

by a



proposition J Z JE Homeo E

Pf suppose A is a circle in CT 2way

case I A is euclidean line that passes through origin
A BE BE O

W I Z β ftp 0

JCA Bw̅ BW D is a euclidean line through zero a circle inCT

case A EEEetn In o
8 0

L
JCA B I B 8 0

8 w w̅ Bw̅ Bw 0 euclidean circle in CT circle in E

case A ZE βZ BE 0 α 0

euclidean circle thru 0

JCA 0

Bw βw̅ α 0 euclidean line Not thru 0

case I ZE BE BE 8 0 98 0

JCA I 8 0

WE Bw Pw̅ α 0 euclidean circle NOT through 0

Mobius Transformations

2 9 a bicide ad be 0 most.ie Iii transformasion

orientation preserving

ma ma MCA IIA Mca

00 if c 0
M I E

M E 0

Mobt forms a group under composition

rewrite 2 91 a 2 Xb
c 2 ad II

id Most id 7
1 0

0.2 1



MCZ 9 no
Pt 9
rz s

ad be ps qr 0

mon z Mcnc a P 9 berets apt br Z 99 65
again a mob

c pztq d rats Cpt d 2 catds

aptbr cards agtbs Cptdr 0 Check

MCZ M Most is group under composition

Mitius transformations are homeomorphism Mobt C Homeo E

Mcz
attbc ad be 0

9 2 me Home.CI

if to f Jo g z fit ad be Z I
get Ezted

F J G Homeo E

me Homeo E Mobt C Homeo E

Mobtis generated by linear polynomials and J

Fixed pts of Mobius Transformations

MEMobt M id MCZ Z MCA

c 0 9 Z 1 z

at d Isoin in IC to 2 fixed points
a d b O 0 something Noson in IC 0 1fixed point

c 0 z

cz d a t b 0 for 2 fixedpoints

A mobius transformations that is NOT id has 2 fixed pts



Transitivity given 2 triples 21 22 Z w wa wa of distinct pts in CT

MEMobt st m Zi Wi Z w Zz wz Z w in uniqueway

Mobt acts uniquely transitive on CT

Most I E
m z Mt

M 7 Wa w why it looks

like cross ratio
special case

If w.nu

suppose one of w wz wz is a

Wi O MCH 22 3 0.2 wz Ws
1 2 Wz

wz D MCH

W D MCE
Z W

Wy W

7 Agustos Garsamba

MobTransformations M I E M 7 ad be 0 y
Ñcad be

igitarma degil 2 dett 2 2 oct 4 III
Iw

Mom Zi Zi
0 mom id

MCZ n on Ei w

Mobt acts uniquely transitively on the set T of ordered triples of distinct pts of CT

meMost A circle in CT MCA is also a circle in CT

Mobt acts transitively on the set of circles in CI
AB circles inCT Fm Mobt sit MCA B



AB circles in I.no fiqgM5bts.t.MA B

Pf through any three distinct pts in I there posses a unique circle in CT

1 2173 L I is the unique circle in that

2 0 passes through 21,22 23
22,7 82

21,22,7 EG
but they lie

I

on a euclid line 73

pick 3 distinct pts 21 2 Z EA
Wi We w EB

find me Mobt St M Zi Wi

MCA B

ex find me Mobt St MC
circle

0,10 ER

1 i 1 E S muttak deseri 1 find me Mobt st min 0 Mci 1 MC1 a

1 0 Mcz

0 man

ma

Alternatively find meMobt St men 1 Mci 2 MC1 3

I or m I I I Iata a bind a
ML1 3 b a 3 d c b 2d gazamazsin

atb Ctd now at 2d i 2c d 2d i 2C
atb set 3d MCZ

id

242 c d pick d l c i 5 2 1 a a zi



MLA B M distinct disk in I

A B R I R
Y L

dis

l
047 1 JCR R

J H either H or HI f ie Jci f ie
so J A 1H

JC 1H

I If we want MEMobt St Yukari asagiya asap yukarya

MCA A MCD Dz
MCD2 D

find peMost st PCA R
A

P 11111 R J R P 11 ally
1111111

M P JOP Mob satisfies the requirement
1 402 4

So Mobt acts transitively on the set of disks in CT

Cross Ratio

21,2 Zs Zu distinct 21,229 23.2a 24

cross ratio 0,0

0,22 73,24 21122 0 74 the cross ratio is
defined for 4 distinct
pts in x ̅

21,0 Zs Zu 121.22 zs.no

the cross ratio depends on the ordering of 21 Zz Zs Zu



proposition meMobt t Zz Zs Za MCA mate met Mctu preserving mob

ff Mobt is genby attb J

att b

at tb azztb az tb az 5
attb 974th azotb Lazztb
at tb 972 5 az b at b

a Zi tu Z 72

a ti 7 z zu
71122 t z

I

541 Jac Jez Jay Care z z

Zz 7 zu Z

TF 21,2 292,2 4 ZT Ez 25

cross ratio is NOT invariant under conjugation

preposition Z Z Z Zy CT distinct Then 7,72 Zs Zn lie on a circle in C

iff 21,22 Zs Zu Real

Pf find me Mobt St M Z 0 M721 1 M Zz a

21,72 Zs Zy lie on a circle MCZ MCZz MCZ Mctu die on on a circle in CT

MCZ Mca MCZ Mctu die on on a circle in CT M Zn EIR

00 0 1 Mla e
nicz IR

Ma 72 7

7 Zz zs.tn IR

exercise determine whether 2 31 21 1 i 4 lie on a circle in I

2 3 2 e i 4 I R Nothey doNOT lie on circle



ex determine the ear of circle in CT through 1 i 1

A of
ZEA a i 1,2 EIR ER

Z 1 E 1 21 2 1 E 1

ZE Z E 1 ZE 2 E 1

2ZE 2 ZE 1

212 1 unit circle
Matrix Form of Mobius Transformations

MCZ a b c d ed ad be to

m

mon z

b Captbriz aq bs

c d Cptdr Z catds

look at as matrix

1 X 1

622 C AEMax 4 I detA 0 group under multiplication Mobt

1
I

I is a surjective group homomorphism Kerl AEMax 4 IdetA 0 f z

ZEE
Ker I GL2 4

suppose 2 ZEE
AI SI ab I

2 D D C O

2 0 0 5 0 A 8 a In

7 1 92 1 a d



Most GL C
Most PGL C

PGL E 6224 at

A 6 216 A

MCH m t
a

detcm ad be
NOTwell Defined

9 I I det xcad.be

Every Mob transformation can be well be written in two ways so that det 1
we call that normalization

ex Normalize Mca EI det 13 ma
t

ii
1

Trace of Mob Matrix

atd T Most e
n Ct 9 d ad be I

tr A B tr B A

if detca 0 tr A BA tr B A BA is conjugate to B

trace is invariant under conjugation

MineMobt T Mon T nom

TCM omon TCM


