
FINAL TOPICS

Recall we consider My k Mxx D octal to

UK 0 fix O X l
m ont 0 all t 0 30

we have shown that for u Xk T t

if X satisfies RX 0 6 0 e 0

T RK T 0

then he satisfies the egn and boundary cond MCO t 0 all t 0

the boundary value problem eigenvalue problem

RX 0 101 0 e 0

has non trivial solns only for

an f Xn sin x n 12,3

Now let us find Tn

Tn't an k Tn D 1 f An k dt

hital an k t C

Tn ce
rnk t

we have set of sons un X.tn cné k sin x

M un is a son if we assume that the series convergent

and can be differentiate term by term as many terms as we need

later we will discuss what should flx be to make it convergent



µ satisfies boundary cond but we need also for re satisfy initial cond

u no fix one
t
sin Ex AN

ensin Ex 7W

we have two questions

1 What frs can be represented as

1m E.cn sin Ex on one

2 if f has such a representation how to find coefficients

FOURIER SERIES

consider a linear space H of piece wise cont fns on 1,1

on space H introdue an inner product book say complex value
but we'll stay in IR

Lf g fix gex dx

H 47 is a pre Hilbert space not complete like Q u need lebesgue to

make it complete

we can define a norm on H

fe H 111112 FF If ax 72 norm



lemma 7ns 1 cos Ex sin x

recall MLV u.us 0
form an orthogonal system in H a seq Sun is orthogonal seq

if n M Vn Vm
Pf first cos x cos Mfx nm

Lcs Ex cos m x cos Ex as x dx

1 cos 1 Tx cos Mf Tx de

l

12 sin net x I sin Tx 0

e

in similar way we can consider other cases

The the sequence 1 cos x sin x

is
there ASIis an orthogonal basis in H

That is for any F E H we have

7 92.1 E ancos Fx bn sin Ex

where the series converges to f in the norm 11 112

1 7 E ancos Ex bn sin x 0 no need to prove now

Remark 11111 Fe I cos all Me I sin all re

indeed 111112 1 12dx Be others exercise



how to find coeff

et sun be an orthogonal seq and

I can consider cv.vn LEicnun.vm zcnct
imsVn1VmLvn

Vm7 CmLVm Vm

V Vmcm in 11m11

so for our system

1 fix dx do f fix dx

an f fix cos x dx

bn to sin Ix ax

Remark since 1 cos x sin Ex form a basis

the equality fix If an cos Ex basin Fx

norm of f can be calculated as 1111112 It Ian 1bn1

Parseval Equality
111112 21 lante lbnl e

The series an cos Ex bn sin x Fourier Series



ex find the Fourier Series of cos x on IT IT preffered

cos x Ei ancostax bn sin nx

1 02 12 12 ask a cost b sinx a cash be sinx

cos x 1 ces 2x is the Fourier Series 90 1 92

all other coeff zero

24 Nisan Persembe

Recall we have a linear space H of piecewise cent frs on 1,1

with inner product

f g fex.ge dx

The space H has a orthogonal basis 1 cos x sin Fx n

feH

I ancos x basin Ex

do f find an f fences Ix dx bn f to sin Ix ax

1 1,2

the series converges to f in 11 112 norm 11111 47,77M t xdx

moreover 117112 1 221 IT lanilt ball
k if it's or

11111 21 1 cost x 11,2 1 I sin Fx 1 l

note crun

x x Icann Icann

11 11 Ict 11mn42 Lum un 0

m n



ex a find the Fourier Series of fax x on IT IT

b show that IT
a fix 1 ancos nx bnsin nx

a

1
an finger o

bn LIE
dx sinandx 2 Ixcosch IF coscanax

odd odd u x do 1
sinnx dx v f cos nx

coscan sinax
cqf

1

so c 1 sinax

b use Parseval Equality

11 112 2 14 21 T IT e

11 112 find 3
3

if 3 3 4 E then IT
Pointwise Convergence of Fourier Series

we have defined on 1,1 it is convenient to extend f to 0,0 as

21 periodic function

ex f x on IT IT

if the extension off If itf x f 2mn NER



Thm let f and f be 21 periodic piecewise cont fns on IR

let an cos Ex bnsin Ix be the Fourier Series of f

if f is cont at then 1 IT an cos Ix bnsin Ix fix the series

converges to the value of f at x

if f is discont at then 1 IT an cos Ex bnsin Ix
f t f x

2

where glim f E f xt and gligo f x E f x

ex we know f x on IT then f has the Fourier Series

Flx ITce sininx find values Flo FA F T F 371T E

f x f 1 on T T piecewise cont we can apply the pre them

x o f cent E fld 0

i t an oh f cont E f a 1

i it E c e 2 since 1

IT we consider the 21 217 periodic extensionoff
1

7 Tt 7 t
0 E a 2 SEE

0
2

F 371T F 37T 19.21T F

I f is cont F 37 E FL E f E

Eic 1 2 sin E sin I a

sin E E.cat sincEl Ecfkth2ysinIn2k sin Et 0

n 2KH sin XII sin Et k ask 2 t I



2,4
on 4,4

let F be the Fourier Series

let ten is3 of f

find F 10 18 F 67
we have 21 8 periodic fn

F 10 F 10 8 f 2

f discent at 2 f 2 2

f 2 4
F110 F 2

712 712

FL 18 F 18 2 8 F 2

f discont at 2 712 4

fl 2 11 1
7th Fl 2 2.5

F 67 F 67 88 F 3

f cont at 3 F 67 F s f 3 3

F 4 discont at 4 714 4

f 4ᵗ 71 4 1 11
Fca 71412714 2

subtractperiod

Functional Series

Differenton and integration of functional series

Defn a functional series gnex converges uniformly on a b if

ESO FN St KSN E aw E xe a b



Thm let gnex where gn are defined on a b

if gnex converges uniformly on a b and gnex cont then

glx gna is cont on a b

Moreover gendx gawax

am ax E gnadx

The consider gna where gnex defined on aib if gnex are diff

on a b and guilt converges uniformly on a b and

2Égn4 converges at least at 1 pt of a b then Égna defines a diff functio

on aib guy gnex and g'in ITgink
Remark to determine miform convergence we can use Weierstrass M test

Suppose 0 Igna an xe a b

if an converges then ITgnex uniformly con on aib

29 Nison Sale

Recall we have f cont on 1,1 we construct Fourier Series

f ITancos Fx basin Ix
This series converges to 7 in 11.112 norm



if f and f are piecewise cent we have pointwise converguce

Assume 7 is extended to IR as T 21 periodic function XER

Eiances x basin x
Fa if f cont at x

f xt x if f has jump discont

lant 1bn1

when can we have

fixidx Eancos Fx bn sin Ix dx

1 ax E ancos Fx basin Fx dx

fix 1 E ancos x basin x 2 Lances Ex basin x

E an sin E bn sin Ix

Not always
we need estimation on Fourier coefficients

Lemma let f x be T 21 periodic diffable function if we consider f on

e e we have Fte FCl and f x be piecewise cent

then the series land bail converges

Pf flu is piecewise cont it has a Fourier series

f x IT on cos Ix in sin Ix

we know E IT tant 1512 from Parseval equality

let f x Eances Fx basin Ix



and an f fix cos x dx

du cos x dx
at wax a sin Ix

an fix sin Fx If'm sin Ix ax

f'a sin Ix dx In

land bi E I f 15m xy

E and I bit convergent by comparison test

Ian converges

in the sameway we can prove 1,1bn converges

Hence land Ibrl converges We can generalize the prev Lemma

The let flx be T 21 periodic fn if consider f on 1,1 fl e f e

suppose f f f are cont and 7 is piecewise cent Then for the

Fourier series of f 1 E ancos Ex basin x we have I n land Ibn

converges



ex let f be T 2T periodic for St f f f are cont let f has the

Fourier Series ETon sinux Show that f m n'basinnx ET bnsinan

f and f cont the series E lbnl converses
we have bnsin nx Ibal here bn sinux uniformly convergent on R

F f f cont so E n bnl converges

E basinux E n.br cos nx nbncosax nibal

so basin ax uniformly conv on IR from and by the

theorem about termwise diff we have

f x basininx bn n cosenx

we know f f f f are cont so n bail converges

Now take flex n bn sin x ASI

consider n.br cosinx ET m bn sin x since n'basinnx n bn

we have n'bn sin nx converges uniformly on IR by the them about termwise

diff of a functional series we have

f x É n bncosan n bn cosinx n bn sinux



Fourier Sine and Cosine Series

I suppose f is piecewise cont on l I and odd then

do f fondx 0

a f a o

92 1 7 ax 2 fin sin x dx

SineSeries fix bn sin x

II suppose f is piecewise cont on 1,1 and even

do finds 2 fixide

a f fit ax fences x dx

a o

CosineSeries fix ancos x

let us consider that fix on 0,1 we have freedom on how to extend f

on 1,1

I if we extend f as odd fr Here on Oil

food to 02 1 747 219basinan

ftx e 0 bn fix sin Ix dx

her food has sine series f food on Oil we can expand fix into sine series



II if we extend 7 to l l as ever for

fever
74 0 x e

F x e 0

then fever has cosine series f fever on 0,1

Here on oil fix an cos x

ao fffindx and an faces x dx

ex consider
pointwise sum

fin 0113

eye z
i let fm E.insin Ex and FW ITonsin Ex
find FU F 2 F 3 F 3

we have them for pointwise convergence for the Fourier Series

sine series of f is the Fourier Series of food We extend food as T 4 periodfor
aT food x

1
I 1

food et food 1

2

is I 1 4 FU
1 a

2
food 2ᵗ food 2 121 o

2

F 3 F 3 4 FU Fls F 3 4 F 1 food t food t 021 z2
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Heat Egn ut kMx 0 Oaxal

M x O fix O X l

M 0 t 0 Mll t 0 30

we look for a X T ther

XT K X T 0 Separated eyn becomes

RX O and T K RT 0

M 0 t 0 o TLE 0 10 O

ull 4 0 xelTI 0 e 0

Eigenvalue Problem

RX 0 10 0

I e 0

we have non trivial soln for An F
In sin x n 1,2

now find corresp Tn

Th k RnTn D Tn cretint
Tn e E t take 0 1

we have particular soln Un X t

un x t In Tn e
t
sin Ix

since we have linear ean

next Σ on Un x t is also a soln formally



Now find Cn to satisfy initial cond U x 0 fix

fu É an unexo É on t.sn Ex to

fix an sin Ix oexed

we know

an f 74 sin x dx

Mx t É on e
t
sin Ex where on givenby aboveformula formally solves problem

we say that we derived a formal son

let check if m is a classical soln

first we consider to t
E fixed

we take E N Eso

Unlatt e kfn ÉA
let fix be piecewise cont then its sine series coefficients are bounded

ten 2M n 1,2 then leniency am e E E

ÉMék E
t

convergent number series

so MLxit ZÉ cn.mn x t uniformly converges on oil E D

Funkit k E e E t
sin x



so on unkit Ñ k e E where it e
k E E

É Ñn ék E E converges

Cn Unexit uniformly converges on o e E N

Here UK.tl cnuncx.tl an unexit it e o e E 0

in the sameway

2
unit

2
enuncit on next exit E o e x E N

we proved Mexit crunkit one E t sin Ix
solves the ean Me KMxx 0 on ISEl Eso for any to

is trivially satisfied

u x o fix fix ansin Ex

from the them for pointwise convergence of the Fourier Series we have that

the above equality hold if f is cont flo f L and f is piecewisecent

Thm if f is cont on oil flo f L and f piecewise cont on 0,1

then the initial boundary value problem

Mt k uxx D Ocxel to MLx o fix O x l
has a solution MLO t D M lit D t 0

next É one
t
sin Ex

where on 2 fix sin Ix dx



ex find formed solution of My C my Ocxed tso

Mx Ot 0 Mx lit 0

u x 0 f x Mt 4,0 g x

assume MLxt G TH and subst into egn

IT IX T a ax 0

T Rc'T 0
with IC

Mx o t X o t 0 10 0

Mx lit X e TLE 0 e 0

we have boundary value problem eigenvalue problem

RX 0 X e 0 e 0

Char eqn is r 2 0 r A form of soln depends on
the sign of a

I 2 0 A m MO
r IM

c e get
x uc e _maze and 01 0 Mc us 0

C C2

Also e 0 ma e _maze 0 gene gene D

det fue Tue 0 c 2 0 only trivial son

when det 0 rows are

dependent thus you have 1 en inst of 2



II 2 0 r 0 double root

ax c2 c

f 4 0 Gis free

C2 is non trivial son

we have to 0 is an eigenvalue and Xo is the corresponding
eigenfunction

III 270 R µ Mso

r I Fu Iim tip
c cos Mx c2 sin Mx

X Mc sin Mx Mcz cos Mx and 01 0 Cz 0 2 0

e 0 uc sinful uczc.esul 0

1

sine cosine
o

c sinme D for non trivial son 0140

sinme 0 Ml net 1 1,2

m

so Rn F are eigenvalues with corresponding eigenfunctions

Xn cos x

we have eigenvalues and eigenfunction to 0 X

An E In cos Ix



Now we'll find corresponding Tn

T CRT 0 Tn c an Tn 0

No 0 To 0 To bot as

An E Tn at E Tn 0
charean at c net

orF C i

Tn ancos Et bn sin
c

t

Mo X.to bot ao 12

un XnTn ancos oft basin c t cos Ex

we have

M it Mo X t 2 Mn it

bot a ITlances oft bn sin c t cos Ex
with initial cond

M x o f x fix 2 an cos x

here as fondx an fix cos x dx 2

Melxe get utlx.tl bo 2 an
c

sin oft bn cos t cos

gun Mekid IT bn cos Ix

we know 1 b guide bn.cn 2 gix cos x dx

bn gascos x dx



We found the formal son

M x t bot 9 2 an cos t bnsin t cos Ix
where a an bo bn 1 1,2 are given by 1 2

8 Mayes Persembe

Recall we find formal soln

Me c ux 0 Oaxel tso

Mexio flx MEGO gu O X l

Mx O t 0 M lit 0 70

ulxit t IT an cos t basin of t cos x

ex find soln of Me 4My 0 Ocxel too

M x 0 It cos 2 X Mg no sin 2tx cos 2Tx O X I

Mx O t My lit 0 t 0

we know the soln
ulxit t 2 an cos t basin of t cos Ix

an bn Mex o It cos 2x ancos nix

a fix dx an fix cos rtx dx

It cos 2x a costx a cos 2Tx a cos Stx

A 2 a 0 92 1 93 0

Mex 0 sin 2Tx cos 2Tx

if x t 52 2n't an sin ante ant bn cos 2n t cos Atx 1
sin 2Tx cos 2Tx Let 2ntb cos n x

sin 2 x cos 2Tx sinux sin 4tx 1 038 f cos STX
bo 1 4 by 1 1281T bn 0 n 0,8

unit ft cos
4go

x
1 sin 16T cos Tx

58 1 1281T 1 8



Non homogenous Egns

idea expend all frs into a series of eigenfunctions corresponding to the
homogenous problem

ex find the formal soln of

My c ux F x t Ocxel to

M x 0 f x y x 0 g x
M o t 0 M lit O

eigerfunctions we consider the homoguous problem Met Cux D

let u X T then X will satisfy we done it before

RX 0 101 0 e 0 and we solved this problem

An E Xn sin x n 1,2 eigenfunction

expand everything in terms of eigenfunctions for each t fixed

M Xt unit sin x

FLx.tl 2 fact sin Ix note Fn t fn gn given

Unit we need to find
FLN 2 fn sin Ix
gen In sin Ex
substituting into the egn we get
un t sin Ex c 2 unit E sin Ex 2 Fact sin Ix

Mix 0 2 unco sin Ex 7W 2 In sin Ix

Meho EiMico sin Ex get Eignsin Ix
computing the coeff of the eigenfunctions we get
un c F un Fn t equation to find Unit

Unlo fn Mn o In



we know that up unhughs unparticular

up un c E un 0

up 1 particular soln use Variation of Parameters

unh Ancos x Bn sin x

unP It Face sin
c t 2 de

Mn t Ancos x Bn sin x Face sin 6 2 de

find An and Bn from unco In M n o In

Unlo fr An

Mict An sin Et Bn
c

cos t Fact sin t t

Fitz cos t z de

Minto Bn In Bn 191
the formal solution is

next unit sin x where

unit faces t of gn sin Et Fitz sin t z de

let's say wn un win Fn t

hughs soln gives An coscent Bn sinant An Fn Bn 11
Unit In coswent sinwent

sin wn t s
In s ds

uex.tl unit sin É
DuhameTTPrinciple

superposition of responses
to infinitesimal impulses

forhomogenous case integral vanishes



ex find the formal son of

Mt Mxx Xt OC CIT E O

ULXO COSX O X IT

Mx O t 0 Mx Tt 0

eigenfunctions

Mt My 0 Mx O t 0 My T t 0

m X.T subst XT X T 0 r xx 0

Mx O t 0 e TH 0 X 10 0

My T t 0 T TH 0 T
the eigenvalue problem

RX 0 10 0 X T 0

eigenvalues 20 0 An n corresp eigenfunctions In cosax

expand everything in terms of eigenfunctions

µ Nolt 2 unit cos nx

Flat Xt Folt 2 Fn t cos nx cosine series

Folt flat dx xtdx It It

IBP
p 9

Falt Flat cos x dx xtcosnx dx It costax dx

substitute everything into the eqn

no ZÉMicecosine 2 unit m cosan 2 c 1 e cos nx

Molo Melo cosxt Macocos 2x 0 1 cost 0 cos2x 0 cos 2x

Ft hx sin nx I sin nx dx

facosan cos
n'it's

e

Flat Xt It 2 Er C1 1 t cos nx



uh o cosx 2 anceson 9 00
cosine series

ear for Mn t

n 0 Mb t Mo o 0

n 1 Mct My t 2 M 10 1

1 2,3 uncel m unit 1 1 1 unco 0

note n 2k un 0 6 1,2 next we find Matt and we have a soln
solvingthe ODES

1 0 u t 1 Molo 0 Molt t

n 1 Milt Melt t Melo 1 variation of parameters

etui tet now integrate t

etuilt u cos tet et 1

u h éᵗ e

1 2,3

even n 2 4,6 fn t 0

un t n'unit o un o 0 un t o

odd n 113,5

un n'un f t unco 0 µ ett

unit é o into

next e e cosx Eoe _that o coax

note ever modes
vanishes
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Recall we considered nonhomogenous eans non hugns boundary cond

idea we change the dependent variable so that the boundary cond become homogenous

ex transform the given problem with homogenous boundary cond

Met CU Flat Ocxel too

M x0 fax Mt x 0 gex
N Ot M t all t uz t

assume M Q
v4 t new independent variable

Q it some particular fn
we want to satisfy homegns boundary cond

at 0 v lit D now we find Q

subst M I Q into the problem

6 9 4 c u Q xx Flat

yo Q 4,0 f x Vt 4,0 Qt x 0 g x
V o t Q 0 t Milt lit Q l Ma t

v10 t 0 Q O t M t
A

V et 0 Q l t malt

there are many fns Q satisfying A We choose Q linear in

Q alt bit linear fr through o m and e.me

that is Q it Milt F malt u t

for such Q we have that it satisfies



Qt c Ux Fait Qt Qxx Flat Milt u t M1 t

U x o f Q x 0 FW Milo F 1210 v o

Kexe g Qt get mice Mico mice

610,4 0 U lit 0 we have a problem with hughs boundary cond

ex transform the given problem to a problem with homogenous boundary cond

My amx the OLXLT SO

M x O O OEXET

Mx0 t t M T t 1 30

set M Uta

Mx Dit Ux 0 t Qx Oct t 0 10 t 0 Qx O t t

M T t O T t Q T t 1 OCT t 0 Q T t 1

assume Q is linear in St Q alt bit

sometimes youmay Q Oct alt t
need to pick Q Q T t alt T b t 1 bit 1 It
quadratic Be aware

Q x t txt 1 It

this gives exactly Q 0 t t

Q Iit 1

Define the new unknown with hughs boundaries U t MCYt Q x t

o t Mx Dit Qx O t t t OV
Transformed PDE

OLIT t M T t Q Hit 1 1 0 ut alex the x t

Since M Ut Q plug it in original egn ut army the heat o unit O

O xo 1

Vt Qt a Uxx Qxx the

Q a ux the Qt Qxx and Q x t 1 xt It Qt X IT Qxx 0

of a u the x t Uno Mfg Epo
1



ex simplify the given problem to a homogenous problem with homogeous cond ifpossi

Mt 2uxx Let Ocxc1 to

Mex 0

m o t 4 u lit 5

set u 6 9

6 9 210 9 xx 2e

Q 2Uxx 2e 9 29 xx

we want 2e 9 29xx 0

v10 t glo t 4 UCO t 4 gloit we want 4 9 at 0

v11 E q lit 5 611 t 5 9 lit we want 5 q lit 0

think of qxx ex

9 etc

q ext cixtee 9101 4 1 02 4 22 5

9111 5 etc lt 2 5 c e

so q ext ex 5

thus Vt 2x 0

bd conds v10 t 0 U lit 0

initialcond v x o mix e 91 0 x ex 5 ex



Elliptic Equations

Define the Laplace operator Δ 2
for me R

ΔM Mxix Max t Mann in R R

we will consider

Δu 0 XER Laplace Egn

Δ µ FW XER Poisson Egn

with boundary conds

Mly f Dirichlet boundary cond

M
21
7 Neumann boundary cond

ñ is the unit outward normal to 22

2 normal derivative derivative in the direction of 2 Vu

uniqueness and stability for Laplace Poisson Egn

Thu weak max principle let h be a bounded domain in IR and

ueC 2 A CCI

suppose Δu 0 in 2 then may M Yqu
Pf case I suppose Δ MSO

note since MEC I and I closed bdd set in R u has a mox pt
in I Claim is a max pt can not belong to 1 Assume that is a

Max pt and er Since Xis interior max pt Mxii E 0 Δu e O

contradiction we have ΔM 20 in 1 Our assumption is wrong so X r

that is e 21 and 19 4 MY



Pf case I AM 20 in ur XER
M

for ESO consider Mt E x x2 xp M E 1 12 a

Δv An 2En 0 Here for v Myu 14h
XER

UH EN YY ut EN

next 1 ut EK1

r is bad M O St HI M Exer

y MEK yen at
EN gyu E M

XER next yay u E M

we can take ESO WH 21M xer so MIXM Yayu

Corollary 1 let h be a bold domain in R and mEC 1 n CCI

if Suso in r then Ifn y m

pf apply weak max principle to 4

Corollary 2 let r be bold domain in R and meC 2 ACCT

if ΔM 0 in 1 then Maxu moxie AND 11M gymx ̅ 21
Here Max lul 2 let



Thm Uniqueness for Dirichlet Bdry Cond The Dirichlet bdry value problem for

Laplace Poisson ean has at most 1 son

pf let r be bold domain in R and me C cr n CCI Consider

ΔM FW XER

Mlyp fix xe 21

let My My be two sons then I M My satisfies ΔV 0 in or

121 0

By corollary 2 Max v1 2
161

121 0 Extul 0 161 0 0 0 xer u us

15 May's Perseube

Recall we proved weak Max principle for doplace Operator and uniqueness of
soln for Laplace Poisson egn with Dirichlet boundary cond

Stability Thm let h be a bold domain in R and me C 2 NC I

suppose u satisfies

Δu FW XER
u fix Xer

if IFW A in 1 Ifw B on r only

Pf r is bad so as as R st x x Xn ER

we have a excaz Set U A ear 9 ext 9 B

ΔU Ae 910

6121 A e at e 9 B x x tn ear

x a ear at ext n ear at ex 9 20 so uh so



Now consider w M U

SW AM AU F Ae
91

e a's 1 since also in a IF A

so Δw F Ae 30 inr

By the weak max principle myxw ax
Now W

21
n w 122
f A ear a ex 9 B ear at ex a so

Azo If B Why so

new mg
o

KER WH O

MA A ear 9 e 91 B 20 XEr

Mex Ae B

next Ae 9 B set c e 9 const dependingonly on R

US CAT B XER

in the sameway considering re we can show M CAT B Kxed

hence 1Mt CA B



Solution of Dirichlet Neumann problem for Simple Domains

ex Rectangle consider RC R R O x a O y b

fzMxx Mgy 0 g E R b

g gru x 0 f x u x b 72 x
u a g gily u a g grly f a

we can write M M My My My

where ΔMi 0 in IR i 1,23,4 and M satisfies following boundcond

u M x 0 fi M x b O M 0 y 0 M any 0

U2 Mz x 0 0 uz b f2 Uzlo y 0 uz any 0

Uz My x 0 0 Mg Ab 0 Mz 0 y Ge Mg any 0

My My x 0 0 myXb 0 My 0 y 0 Myany 92
problems for Mi are same we consider problem for me

set up W

Wxx Wgy 0 x y e R
w xo fix Wex b 0
w 0 g 0 w a y 0

set w x Yly
4 4 0 2

rhs if only
1ns only
hence constant

W x b 0 x Ycb 0 Y b 0

w o f 0 10 4lb 0 10 0

w a g 0 a Y y 0 Xla 0

first consider XX 0 10 0 a D

for this boundary value problem we know eigenvalues An

and corresponding eigenfunction sin x



Yn

Yn Anyn 0 Yn b 0

Yn c eat are 8
r in 0 rem

Yn b p c erb czéÑb 0

we set c c e Fnb

C2 one
b

yn an eat e ab
e arte ab sina.EE

Yn 2cm
e 8 b e Rn y b

2
casinh Fn ly b

we have soln wn In Yn

un Cn sin x sin ly b

we can construct a formal solution W IT wn
w Écnsin Ex sinh ly s

w satisfies the w 0 y 0 w any O W x b 0

the last cond w x o f x

fix W x.o ITan sin x sin _1

we have sine series for fix on O a

Cnsinh
71 fix sin x dx

on asin s sin x dx



ex solve the Dirichlet problem

Mxx Ngy O OCXCITOCYC.IT

M x e 0 ULX.ITsin3xt2sin5xmloyl 1u it g 0

set u wt U

W WxxtWgy D OCXCTOCYC.IT
W x 0 0 wex.tt sin3x

2sin5xwoif 0w tiy 0

D OxxtOgy D
OCXC.IT OLYCIT

U x 0 0 U x 0

610 y 1 OCT g 0

now we solve re because the boundary values in y are 0 at y 0 IT

we use sire expansion in the y direction and exponential hyperbolic sine decay in

Fourier sine series of the constant 1

on OLYLIT
n odd

1 27basin ry bn sincydy e c 1
even

now separation of var U x y X 4

Y XY 0 a

solving 4 part first because bounday data are simple

we know x 0 ULX.IT 0 that forces 460 Y IT 0

and we have 4 X Y 0

the only non trivial sons that vanish at both ends of 0,5 are

Yn sin ny R n 1 1,2 so the eigenvalues are

12



solve the x part with same eigenvalues 2 12

n X 0 4 Are Brent

its usually easier to write those exponentials as hyperbolic func

x Cn sinh nx Dn cosh nx

for v we need U 0 g 1 U IT g 0

make the right edge X T vowe Zero automatically

trick XnG sinh ACH x sinh nx cosh nx cash nx sinh nx

because Xn I sink n t 0 the T boundary satisfiedforfree

evaluate Xn at X 0

left edge Xn o sink n Hence if a mode comes with coeff an

its contribution to UCO y is anXnCol4n y an sinh nt sin ny

match the left edge cond 610,8 1

we now need a sine series of constant 1

1 71basinchy bn sincydy In e a
n

odd

n ever

to reproduce that same series we must choose an sit

an sinh nt bn an
net

write the full series for 6 put all together

vk.tt I sigh sincny



now we solve w

WxxtWyy D W x o 0 who g 0
W x T sin3xt2sin5 W Tig 0

so w vanishes on the bottom and on both vertical edges but it is
prescribed on the top

separate the var why X 4 A

solve first because the horizontal edges are zero

we need w o g w IT g 0 so o XII 0

that forces to be a sine eigenfunction Xn x sin nx X n 1 1,2

solve y with n

4 n 4 0 Ynly Ane'd Brent Cn sinning Dncosh ny

impose the bottom boundary 7 0 because the whio 0 4110 D

that kills the cosh term and leaves Yn y sinh ny

Wn x y on sin nx sinh ny 1 1 2

normalise the modes to match the top edge

at y T we want W x T gex introduce normalising factor sink MIT

why 2 casinax Now W x t Ionsinchx gex
Fourier sire coeff of the top data gex

for OCXCI Cn gosincnxldx Because go sink 2sin5x is

already a sine combination the integrals
are trivial

c sin oxdx 1

why sins
sinh3y

Cs 2sin 5xdx 2
ginny

25in5 ʰ 59
sinh JIT

all other Cn's are zero
u btw
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Neumann Problem for Laplace Egn in a rectangle R ocxca oryab
Uxx Ugy D x y IR

I directional derivative in the direction

2 neg eg IR unit normal to OR

85 37
22 consist of 4 parts As for Dirichlet problemI E Xin

a
itisenough considering the case when hang is

27 22 non zero exactly on 1 part

Remark Soln of Neumann Problem is determined up to a constant

Son exists iff 2 ds hds 0 pf later

ex Solve the Neumann problem

ΔM 0 OLXLIT OLYLIT

My4,0 x My 4T 0
note 2 0 x E dx 0 0 to D

Mx 0 f 0 Mx T y 0

let u X.Y subst x 8
boundary cond

for we have

My x X Y T 0 Y T 0

A D X 10 0 T 0
Mx 0 f X o y g 0 X 10 0

Mx it g a Yly 0 t 0 2 0 0 At Bx

270 write R n Neumann cond forces B 0 111 1
n X 0 Xnk cos nx

with eigenvalues An m fall eigenfunction
orthogonal in 220T



for Y we have y XY 0 Y t 0

1 0 1 0 4 0 4 aft Cr

Y C 0 40 C2

An n Yn n 4 0 Yn IT 0

r n 0
rnkrtn 0 Yn g cent agent

Yily no end regent nae agent o

y IT
4 che

th

Yney Crement cretre nd

c
e t t ency t ca geth

2
Cncosh nly t

Unlxg XnYn Cn Ces nx cosh n g it

we have formal soln MLxy Co ITon cos nx cash nly t

now we need to match it with my x e x 11 2

My x y 2 cn.n.co x sink nly t

Mylxe É can sinh n't cos nx x If

we have to expand 1112_It cos.ge qes
without 1st term it's possible

7 the first term 7

cosineseries of x I E bncosinx note co F x dx 0 good

bn F x a cesena dx 2 1 2 n odd
o n ever

match terms can sink net bn an m sinncnt edd

o never

M x y Co IT nssinnat
cos nx cosh nly IT

odd



Dirichlet and Neumann problems in a disk

D ay x ty a aso

20 x y y at

consider ΔM O

uly f u
p f

change of variables we consider polar coordinates X rcosQ y rsing

D Cra area O Q 2T

20 nd r a O Q 2T

Laplacian in Polar Coordinates

Mcr a u xeria fers AM Mxx Ugy

Mr Mx Xp My yr MyCesa Mysing

Up M Xp MyJg Mx rsina My ross Mx sing my rose

Mrr Mycosts Maycosasing My SindcesQ uyysin

surrcosamxx Lcos

sinduxytsin2QUgy.M
My r sinQ Mxyr'sinacesd myreese Myx rose c rsing myyrices's

myrsing
Mag r sinQux 2r sinacesd r cos onyy

reseux r SindMy

r urtMg r mxxtr ugy roosa ux r singmy

MxxtMgy Mnt Mag f Effing
MxxtMgy Mnt Mag fur



separationof var of Laplacian in Polar Cord

Mcr a Rcr Q then subst u into the ear we get
R R f R 0

R R

122 f R
this fn of r
rus fn of a

hence constant

r R f R R R O

r R rR RR 0 0 is 21T periodic 019 Q 21T

R 0 we consider R 0

eigenvalue problem or the space of 21T periodic

220 A m

char eqn r u 0 r IM
c end cze 99 no nontrivial 2T periodic son

2 0 0 C Q C2 we have non trivial 21Tperiodic so

C2 Ro 0 eigenvalue do Ao is eigenfn

270 X m

char ear r m 0 r Fim
c cos ma casin MQ

Remark I has periods 2

Here we have 2T periodic m n

An n eigenfunctions with eigenvalues On Ances AQ Basin NQ

correspond Rfp R 0
592 rR R n r 0



Remark on ean x y axy by 0 Euler Egn

we solve it by introducing new indep var t by et

in t variable we get eqn with constant coefficients

for x y axy'tby 0

we consider charact eqn

3 1 a b 0

if 31 32 two real distinct roots

y 4 31 02 32

if 3 32 double root

y 4 31 c2 mx
31

Here we get
No 0 r R r R D

3 3 1 3 0 3 0 double root

Ro Cit cz.hr

An n 3 1 3 12 0 32m 0 3 In

Rn Gr car
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Recall we considered Dirichlet problem for a disk

Δu 0 x ty a

M f y a

introduce polar cord rose yersing

Mrt fur Maa 0 osr.ca

u a 9 f

Assume u is 2T periodic for wit Q and f 2T periodic

separate the var u Rlr CQ

R I R R O

20 0 Q Q 9 217

solving the eigenvalue problem

20 0 0 9 211 9

we get Ro 0 An n with correspond eigenfunction

eigenfunction do Ao On An cos AQ

next find corresp Rn

2 D Ro Rd 0 Ro Co Dohr

An m Rn f Ri Rn 0

r Rn rri n Rn D Rn Car't Dar



Continuing from where we left

we found particular soln Me rig Ao Cot Dohr

uncrid Ancos no Basin no Cnr Darn

recall O r a we need un to be cont on 0 a wrt r

r n hr are not bounded 0,93 Mr 15 5 15
No AOC

un Ancos no Bn sin no car αnr cos no Bn r sin no

Mo and un are the sons of the Laplace Egn

consider the formal series son

Mcr a r ancosine Bn sin no u riata M riQ

now we satisfy Mla Q f Q

f Q É an Xncosine Basin no

using formula for the Fourier coeff for IT 0,2T

α 710 do

anan fiances a do an fan 7 a cosine do

a pn Éfca sin na do Bn fan fifes sin no do

u r a Ei r ancona pnsin no formal series son
OR x ̅ flade

aerial IT E In cos nx Basinino where in Ifca cosholds
it can be shown if f is 2T periodic for In Fca sinae dg
f is definedon T.IT FCT fct with
piecewise cont derivative f then the above
series is a classical soln of the problem



ex solve the problem

Mythgy 0 x ty 1 x y r

unis y u y
2 8 1 Q arcton E

in polar cord rose yersing
Mrr fur Mag 0

M 1,9 r sin a 1 Sin Q O Q 2T OR T Q T

we knew a 1

u IT E In cosine in sin no

2 1 22 12
r 1 Mle Q sin 12529 12 2100520 ñ o

n

Ulria r cos 20 r costs sin's 21 rosa rsing

another son for above problem x y

acria Rid r R rR R
R

Solve 2 e value problems

20 0 AND r R r R RR 0

Angular e functions 21Tperiodic

00 1 05 cosine 0ns sinus with e values In
Radial efunctions
for each X n the radial ODE is Euler

r R rR n'R 0 Rer Anr Bar's
r 0 forces Bn 0 n 1

for 1 0 r R rR 0 integrates to Ro Ao Bohr hr is singular at 0 Bo

Ulria Ao IF r Ancos na Bn sin ng

r 1 use a sing
9 Thus Ao A2 Any Bn D

n

onlythe constant and 1 2 survives r cos 20



Tex Solve the problem
r

AM 0 2 2 4 21 212

2 xy unitorietward

polar cord xercose y rsing

Unt fur Ma D O r 2 T Q t

21 r'singcosa1 2 4singcose T GET

we know a 2

u If E Inces na Pnsinine

2121 2 2 oncosine pi since Én incosine pisince
11

Usingcosa 2 sin 29

2 sin 29 Jin a cosine in sin no

0 n 1,2

2132 2 PT 0 53 0

u E sin 29 r sinks r asinacosa

12 r sing cosa

Return to x y

u 1 xy C xy



Poisson Integral Formula

we consider Mrr fur 1 Mar 0 O r a T P T

M a 9 f Q T Q IT f 2T periodic

we know meria IT E In cosine pi since

ucr a Fff finds f f cosine fecalcos a do singffle sinna do

f finds El Étoile a are

formally

ulrial fields f Fia E E cos n 0 0 do

719 E cos n 0 01 do

let us sum up 2 E cos n 0 0

Recall 2 f cos isinx

21 9 cos nx isin n
1 2 2 9 cos nx infirsin nx

Re E 2 5 cosine

IT9 cosine 1 Re
Pesa isinx

1 ecosatipsinx

21 2 1 cesina 242 p

e E
atria 719

211 2 E cos p a E

a r

ft do PoissonFormula



one can prove

Thm let fla be cont 21T periodic for then

M rid fia a r

a 2ar cos 9 re
dd

uec o r a Q T n o r a T and

Montfurt Mag 0 Oerca T t

M a d F Q T

Remark solns of Laplace ean ΔM 0 in D are called harmonic fris

u is harmonic iff Δu 0 in D

Corollary MeanVal Property let u be harmonic in open domain D

and B a 10,90 CD B 0,1 0,901 x y 1 x xo y y a

MLxo.jo fu x y ds

2B a 10,90
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Integral Representation of Soln
Green Identities

in what follow we consider M R IR and use notations

grad u Vu Uxi My j Mz K

F Fii F2j F k Fi 1R R 1 1,213

divF V F F F2 Fs

Zi 225 22K AM V VM Uxx Myy Uzz

Divergence Thm let DCR be a regular bdd domain with piecewise
smooth boundary and F be a smooth vector field then

div dv F Mds it is the outward normal



Green's First Identity

let D be a domain where the Div Then holds and u vEC CD nc D

Then V IDM Turn Usu

By the Div Thm

5 57 von dv guru as
you 27

Green's First identity Sf TurndV SUsudV v28 ds

some corollaries

set 0 1 5sudV ds AA

set o n Itu1 dV SusudV u ds AAA

Neumann Problem

Lemmal uniqueness for the Neumann Problem

let FEC D and FEC 2D if Me and Me are two son of

Δu FIX XED

2 f E2D

then Me My C CER

Pf let v u v2 then 16 0 in D Then apply AAA to U

274 0 on 2D

5551001 dv 5556 dv 0 vds
D

Hence 55 10612 0 DU 0 0 0 ly o v2

Thus v C that is M Mz C CER



Neumann Problem

Lemma 2 Necessary cond for Neumann Problem

let FECCD and FEC 2D If the problem ΔM F in D

2 f in 2D

has a soln then FAV fffds
Pt apply 5511dv 5111s

a to u

SSFdv Fds

Dirichlet Problem
Lemma 3 uniqueness of son for Dirichlet problem

let FE CLD and f EC 2D then the problem

ΔU F in D
M f on 20

has at most 1 solution

Pf let M and My be two soh U M v2 satisfies

11 8 By SSIa1 dV SusudV 5m as AAA

ia1 dV Sfu dv v27 as AAA

Yo

S Sivu dv o

10612 0 VU 0 v c note re C 5 and

v12 D C 0 Hence 6 0 M M2 in D



Drichlet Principle

for we C CD n C D we define

Elw low dV energy functional

Lemma we C D n c 5 that have fixed value of the energyfunctional

is reached on the harmonic function

For any we C D n C J St why h

E w ECM where mec D nc u

and su 0 Bu h

Pf consider D M W OR w n e v12 0 then TW DM to

low Tw ow Ou Ou DM to

10m12 2 June look

Elw 1255510WhdV

SgSItu1 dv Sfm adv 155510012 dV

By Green's 1st Identity Sf Turned Svsu dv v28 ds

S Stuvadv ffus.edu ds 0

Elw Elu Eff
so E w ECM



Green's Function

Fundamental Soln Note that the Laplace Operator is rotationally invariant

So we can look for rotationally invariant soln that is the function

u dependent only on 5 1 45 22 let us find such selns

we consider R r ixty z let us solve DM 0

Mcr

Mx Mris Mr ur

Max Mrr rx ur f rx

Mrr ur 4

ur fur ur

and similarly Mxix Mrr fur Éur
ΔM Mx x Mxex t_ Mann

su urn fur
it thur

AM Mrr fur fur Mr ur

ΔM 0 Mrr Mr 0

we can find a explicitly n 2 M At B hr A BER
n 2 M At B 1 2

we take the non constant soln

Define the fundamental son as u
1 2

133
rn 2



Remark forany to IR we also have soln of Δ M O

in R 1 5 03
u

M to 1 2

l

1 40 1 2
133

Thm let ME C D MC 2D DC 1R be harmonic in D AM 0 in D

Then mix Mex Ip 1 1 f mix ds xeD UL f

29 May's Pers

Recall we found the fundamental soln

uponG
MW e R for the Laplace operator

1in 2 XE R Mfunk on R 5 03 satisfy
if ΔM 0

we formulated them

Thm let ME C D AC D DC 1R be harmonic in D ΔM 0 in D

Then mix Mex Ip into f mix ds xeD UL f

Remark the proof is based on the Green's 2nd Formula

let u o C D n C D then

Green's
5 use usu dA u2 v v21 ds2nd

Formula

set V to use Green's 2nd Formula

in Dg D B Xo E



easily obtained from

Green's

1st
Finds 5S Tutu da usu dA

Formula

a Zoods uruda 5M so da

take difference we get the above formula

GreenFunction The GreenFunction for the Laplace operator in a domain D

is a function G x x

1 Δ G x x 0 in D 503

2 G x x 0 on 2D
3 G x x It is twice cont diffable harmonic fn in D

Remark to find G x x we need to find harmonic fn H X x in D

st 4 0
2

GLX.to HLXYo Ex

Then let GLX.to be the Green Function of the Laplace operator for domain D

Then the son of the Dirichlet problem

Tffy it is given by Mco Glaxo ds

Pf we know ulxo mix felt x 27M as

let x x0 64 0 1 we have 1 4 0 HL Folly
By Green's 2ndFormula applied to M H

MEH H2am ds Taking sum of

u xo u

III lu 2 mds uo ffu.ggEds



in the same way we can prove

Thm let G XXo be the Gree Function of the Laplace operator for a domain D

Then the soln for Dirichlet problem for the Poisson Egn

Δu F x in D is given bya f x on 20

µ Xo FWGLXxo dv Fw G x xo ds

properties of Green's Function

1 G is symmetric G x xo G x x x x x x ED

2 G is unique

GreenFunction for Special Domains

Half Space D x x2 Xs so

note D infinite domain

we assume that all frs and their derivative decreasing fast enough

as to all integrals are convergent

b
Edt.sn for a pt x Xi XI X

x we consider symmetric wrp boundary point

xi xi 5

and H x e
4 1 6 1

Then H is harmonic in D and H unit yo 20



The Green Function
1

G 4 0 at yet e x xp x2 x 5

1

j x xp x2x2 5

for D

27 6 22,6 111013

Here ΔM 0 in D
u f x1 x2 on 2D has solution

ulo 1 2
cnn.fi ge exggzgzdxidn

Sphere D x x2 Xs t it xo a

P
A

P2 for a pt AED we define a symmetric pt A
A

by OA OA

Lenna forany pe 20 the ratio 18 is constant does not depend on P

IPIATI
IPA

EAT
1pA

bat Pi Pz EOD OAI 10A 1 a

New for XoED we define 1 12 Xo
Since D

H Axe 1 1 1 H is harmonic in D and xE 2D

HLX.to
xl



so the Green Function for D

Glaxo e x

using defn of
G x x x

1 0
1
1 41

1

next we find G Note V6 e 2D


